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Chapter 1
Introduction
The formulation of a quantum theory of gravitation has been for a long time one
of the central aims of theoretical physics. Several approaches have been developed
during the past decades (string theory, loop quantum gravity...), but a satisfactory
theory of quantum gravity is still missing. Understanding of the gravitational in-
teractions at the quantum level could bring us a deeper knowledge of fundamental
physics and also suggest phenomenological implications. The study of black holes
and their singularities, as well as the cosmological description of the early universe,
are all areas where the final theory of quantum gravity could play a relevant role.
Quantum field theory works very well to describe three of the fundamental forces
of Nature, but when it is applied to the Einstein theory of gravity several problems
appear. The most difficult one is its nonrenormalizability.
Our purpose is to explore generalized approaches to the quantization of gravity.
In particular, we study nonlocal modifications of quantum gravity and gauge the-
ories based on some ideas put forward by Tomboulis in 1997 [1]. We start by
analyzing a class of nonlocal Yang-Mills theories as toy models, using the Batalin-
Vilkovisky formalism [2]. This formalism is a powerful tool to formulate quantum
gauge field theories and study their renormalization to all orders. In particular,
it is very efficient to implement the Ward and Slavnov-Taylor identities. Under
some assumptions, the nonlocal Yang-Mills theories we consider in this work are
super-renormalizable (only one-loop divergences survive). We describe how their
renormalization works and compute the (only) counterterm that renormalizes the
theory and determines the running of the coupling constant. A similar nonlocal
modification of the Einstein-Hilbert action also leads to a super-renormalizable
theory [3].
We also search for approaches to nonlocal quantum field theory that are more gen-
eral than those of [1]. Precisely, we attempt to formulate nonlocal theories as limits
of local ones. The result of such attempts is however negative, because the beta
functions we have computed do not admit a regular limit when the number of higher
derivatives tends to infinity.
The thesis is structured in the following way:
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• Chapter 2: The nonrenormalizability problem of the Einstein theory is re-
called. We review the results of ’t Hooft-Veltman [4], Goroff-Sagnotti [5] and
some possible solutions [6].
• Chapter 3: We introduce the Batalin-Vilkovisky formalism. Several proper-
ties and proofs are given.
• Chapter 4: With the help of the Batalin-Vilkovisky formalism, we review
the so-called Stelle gravity [7], a renormalizable nonunitary extension of the
Einstein theory. The propagator is computed and renormalizability is proved
to all orders.
• Chapter 5: We study nonlocal extensions of pure Yang-Mills theory. A
function h¯(z) (where z stands for a 2) is used to modify the action. Impos-
ing certain requirements on h¯, it is possible to avoid the problem of ghosts
(typical of the higher-derivative models) and get perturbatively unitary, super-
renormalizable theories. The function h¯ is chosen to have no zeros in the com-
plex plane and with a certain polynomial behaviour pγ(z) in the UV limit,
where γ denotes the degree of pγ(z). Then, the propagator does not con-
tain any new poles and has a good behaviour in the sense of power counting.
Moreover a crucial property allows us to preserve the locality of counterterms
by showing that the UV behaviour of loop integrals is equivalent to the one
obtained by making the substitution h¯(z) → pγ(z). In the final section of
this chapter the three and four leg vertices are derived for a generic function
h¯(z) =
∞∑
n=0
anz
n. It is worth to note that the vertices are linear combinations
of terms of the form
Vµ1...µi(p1, . . . , pi) = Tµ1...µi(p1, . . . , pi)
h¯(p2k)− h¯(p2j)
p2k − p2j
(1.1)
where i = 3, 4, pm are the momenta of the external legs and T is a local
function of pm. Observe that, thanks to a lucky resummation, the vertex
depends on the function h¯ only through the incremental ratio, rather than
the derivative. We compute the one-loop correction of the coupling constant
and its beta function in several cases. All the theories we have studied turn
out to be asymptotically free. Another part of our investigation concerns the
possible choices for the function h¯. The main objection commonly raised to
nonlocal quantum field theory is that by relaxing the assumption of locality
“everything might be allowed”. We show that this is not true, since unitarity
and renormalizability impose very restrictive constraints on the nonlocal sec-
tor of the theory. For example, exponential functions, which are the easiest
to manipulate, are ruled out by our calculations. First they do not obey the
Tomboulis conditions on h¯(z). Second, when we attempt to reach them as
limits of polynomial functions, the results of our calculations show that the
limits diverge.
7• Chapter 6: Following the same guidelines of the previous chapter we study
a nonlocal extension of the Stelle action. The nonlocality is encoded in two
functions F (z) and G(z). We compute the propagator and impose the same
properties of h¯(z). Finally, with the help of the Batalin-Vilkovisky formalism
we prove the super-renormalizability and study the structures of the countert-
erms in dependence of the degree γ of the polynomial pγ. The theory turns
out to be perturbatively unitary and for γ ≥ 3 only some one-loop divergences
survive, in agreement with the conclusions of ref. [8].
• Chapter 7: We conclude with a summary of the results and suggest some
possible developments in various directions.
Nonlocal quantum field theories are still vastly unexplored. It is worth to continue
in this direction, as well as search for more general approaches to nonlocal theories
that might help us understand and generalize their properties.
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Chapter 2
Einstein Gravity
In this chapter we review the quantum version of the Einstein theory. After a
brief summary of the basic notions of general relativity, we intoduce the BRST
quantization. Then, we point out the properties of the theory under renormalization
[9]. The propagator of the graviton field is computed and perturbative unitarity is
proved.
2.1 Physics on curved spacetime
In general relativity, given a four-dimensional spacetime manifold M and a set
of coordinates (x0, x1, x2, x3) ≡ xµ, we define the square of the infinitesimal line
element as
ds2 = gµν(x)dx
µdxν , (2.1)
where gµν(x) is the metric tensor. An invertible coordinate transformation
xµ → x′µ(x)
is called a diffeomorphism if both x′µ(x) and xµ(x′) are differentiable functions. The
group of these transformations on a spacetime manifoldM is denoted by Diff(M).
Under diffeomorphisms the differentials of the coordinates transform according to
dx′µ =
∂x′µ
∂xν
dxν (2.2)
A quantity V µ that transforms as the differentials, under changes of coordinates, is
called a contravariant vector
V ′µ =
∂x′µ
∂xν
V ν , (2.3)
while a quantity Wµ, that transforms with the inverse transformation, that is to
say
W ′µ =
∂xν
∂x′µ
Wν , (2.4)
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is called a covariant vector. More generally, we call tensor of rank (p, q) a quantity
T
µ1...µp
ν1...νq that transforms contravariantly in the upper indices and covariantly in the
lower indices. Covariant and contravariant vectors are transformed into each other
by means of the metric tensor and its inverse gµν
Vµ = gµνV
ν , W µ = gµνWν . (2.5)
In order to describe the motion of a particle onM several objects are introduced. In
particular, we would like to define a notion of differential of a vector that transforms
as a vector. From (2.4) we find that dV ′µ transforms as
dV ′µ = d
(
∂xν
∂x′µ
)
Vν +
∂xν
∂x′µ
dVν
=
∂2xν
∂x′α∂x′µ
dx′αVν +
∂xν
∂x′µ
dVν .
(2.6)
Therefore, we need a suitable definition of the covariant derivative operator. This is
performed through the so-called parallel transport, defining the covariant differential
as
DVµ =
(
∂Vµ
∂xα
− ΓρµνVρ
)
dxα, (2.7)
where
Γµνρ =
1
2
gµα(∂νgαρ + ∂ρgαν − ∂αgνρ), (2.8)
are the Christoffel symbols, or Levi-Civita connection. The covariant derivatives
are
∇µV ν ≡ ∂µV ν + ΓνµρV ρ (2.9)
∇µWν ≡ ∂µWν − ΓρµνWρ. (2.10)
Applying the commutator of the covariant derivatives on a vector Wµ we obtain
(∇ρ∇σ −∇σ∇ρ)Wν = (∂ρΓµνσ − ∂σΓµνρ + ΓµαρΓανσ − ΓµασΓανρ)Wµ
≡ RµνρσWµ,
(2.11)
which defines the Riemann tensor Rµνρσ. When R
µ
νρσ 6= 0 it means that if we
parallely transport a vector along a closed path the angle between the initial and
final vectors is nonzero. Therefore, the Riemann tensor encodes information about
the curvature of the manifold. If it vanishes then the spacetime manifold is locally
flat. Other important quantities are the Ricci and the scalar curvature, respectively
Rµν ≡ Rρµρν (2.12)
R ≡ gµνRµν . (2.13)
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2.2 Action and symmetry
The Einstein-Hilbert action is
SEH(g) = − 1
2κ2
∫
d4x
√−gR, κ2 = 8piG (2.14)
where G is the Newton’s constant, with [G] = −2 , in units of mass, and R is the
scalar curvature. If we couple gravity to matter through an action Sm, the equations
of motion are
Rµν − 1
2
gµνR = κ
2Tµν , (2.15)
where Tµν is the energy-momentum tensor of the matter sector, i.e.
Tµν =
2√−g
δSm
δgµν
.
For our purposes we will consider only pure gravity theories. In this case the
equations of motion become
Rµν = 0. (2.16)
An infinitesimal diffeomorphism is given by
xµ → x′µ = xµ + ξµ(x),
where ξµ(x) is an infinitesimal vector depending on the spacetime point. The metric
and its inverse transform respectively as (0,2) and (2,0) tensors, i.e.
g′µν(x
′) =
∂xµ
∂x′α
∂xν
∂x′β
gαβ(x), g
′
µν(x
′) =
∂x′µ
∂xα
∂x′ν
∂xβ
gαβ(x).
Then it is easy to find the variation of the metric under infinitesimal diffeomor-
phisms. To the first order in ξ, we find
g′µν(x
′) = gµν(x)− ∂µξαgαν(x)− ∂νξβgµβ(x),
while making a Taylor expansion we get
g′µν(x
′) = g′µν(x) + ξ
α∂αgµν(x) + o(ξ
2).
We are interested in the variation of the metric in the same spacetime point δgµν ≡
g′µν(x)− gµν(x), so by combining the two equations we find
δgµν = −∂µξαgαν − ∂νξαgµα − ξα∂αgµν . (2.17)
With the same procedure we can write the infinitesimal variation of the inverse
metric, which gives
δgµν = ∂αξ
µgαν + ∂αξ
νgµα − ξα∂αgµν . (2.18)
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In order to formulate the quantum version of the theory, we expand the inverse
metric around a fixed background gµν = g¯µν + φµν and identify the small quan-
tum perturbation φµν as the dynamical field. For semplicity we take g¯µν to be the
Minkowsky flat metric η = diag(−1,+1,+1,+1).
The action (2.14) is invariant under diffeomorphisms. This implies that the ki-
netic Lagrangian of the fluctuations φµν has null eigenvectors and the Feynman
propagator is ill defined. The problem is solved with the same method used in
quantum gauge theories (in our case Diff(M) is the gauge symmetry), by means
of a gauge-fixing procedure.
2.3 BRST symmetry for gravity
Expanding the variation of gµν around flat spacetime, we find the transformation
of φµν , which reads
δφµν = ∂µξν + ∂νξµ + ∂αξ
µφαν
+ ∂αξ
νφαµ − ξα∂αφµν
≡ Dµνα ξα.
(2.19)
The BRST transformation sφµν for the graviton field is defined starting from δφµν ≡
εsφµν and setting ξµ = εCµ, where Cµ are the Faddeev-Popov ghosts and ε is an
anticommuting constant. Then, it is completed by determining the transformation
of the ghosts from the nilpotency condition s2 = 0. Finally, a trivial gauge system
made by the antighosts C¯µ and the Lagrange multipliers Bµ is added:
δBRSTφ
µν = εsφµν = εDµνα C
α
δBRSTC
α = εsCα = ε∂βC
αCα
δBRSTC¯τ = εsC¯τ = εBτ
δBRSTBτ = εsBτ = 0. (2.20)
The mass dimensions are
[φ] = 0, [C] = 0, [C¯] = 0, [B] = 1.
Now we add the gauge-fixing term to the action (2.14). In the BRST formalism this
is peformed by introducing a fermionic functional Ψ, with mass dimension [Ψ] = −1,
and then defining the gauge-fixing term through its BRST transformation
SGF = sΨ.
A convenient choice for Ψ is
Ψ = − 1
2κ2
∫
d4xC¯ν
[
Gν(φ) + ξ
2
Bν
]
, (2.21)
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where Gν is a local function of the field φ that fixes the gauge (for example Gν(φ) =
∂µφ
µν) and ξ is a dimensionless gauge-fixing parameter. The gauge-fixed action is
S(φ,C, C¯, B) = SEH(φ) + SGF , (2.22)
which is invariant under the above BRST transformations. In fact
εsS(φ,C, C¯, B) = εsSEH(φ) + εsSGF
= δSEH(φ) + εs
2Ψ = 0,
(2.23)
since the operator s is nilpotent and acts as a gauge transformation on the classical
action.
The expectation values of the products of physical observables must be gauge in-
variant. In the BRST formalism this property is satisfied when the observables
are s-closed. From the nilpotency of the transformations, it follows that every s-
exact object is trivially s-closed. Therefore, physical observables are defined as the
equivalence classes of s-closed observables that differ by s-exact observables. This
definition implies that C, C¯ and B are unphysical objects, since the ghosts and
antighosts are not s-closed, while the Lagrange multipliers are s-exact.
2.4 Einstein propagator
In this section we work out the gauge-fixed propagator for the fluctuations φµν .
Expanding the square root of the determinant as
√−g = 1− 1
2
φ+O(φ2),
where φ = φµµ, the quadratic part of the action (2.14) is
SquadEH = −
1
2κ2
∫
d4x
[
1
4
φµν2φµν − 1
2
φµν∂µ∂ρφ
ρν − 1
4
φ2φ+
1
2
φ∂ρ∂σφ
ρσ
]
= − 1
2κ2
∫
d4x
1
2
φµνVµνρσφ
ρσ. (2.24)
Symmetrizing the operator Vµνρσ(k) with respect to the exchanges µ ↔ ν, ρ ↔ σ
and µν ↔ ρσ, and switching to momentum space we get
Vµνρσ(k) = k
2P (0)µνρσ −
k2
2
P (2)µνρσ,
where we used the projector oparators P (i), defined in the appendix. Now we have to
include the contribution of the quadratic part of the gauge-fixing term by choosing
the local function Gν . Our choice is Gν = ∂µφµν , recalling the Lorenz gauge for
electrodynamics. For semplicity, we solve the field equation for B and substitute
the solution in
SGF = − 1
2κ2
∫
d4x
(
Bν∂µφ
µν +
ξ
2
BνB
ν − C¯ν∂µDµνα Cα
)
. (2.25)
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The Euler-Lagrange equations are
∂µφ
µν + ξBν = 0 ⇒ Bν = −1
ξ
∂µφ
µν ,
and the quadratic part of the gauge-fixing action in momentum space reads
SquadGF = −
1
2κ2
∫
d4x
1
2ξ
φµν(−kµkρηνσ)φρσ.
The total quadratic operator is then
V totµνρσ(k) = −
k2
2κ2
[
P (0)µνρσ −
1
2
P (2)µνρσ −
1
2ξ
P (1)µνρσ −
1
ξ
P¯ (0)µνρσ
]
(2.26)
and its inverse reads
Dµνρσ(k) =
i2κ2
k2 + i
[
2P (2)µνρσ − P (0)µνρσ + ξ(2P (1)µνρσ + P¯ (0)µνρσ)
]
, (2.27)
where we used the Feynman prescription. The quadratic part of the action in the
ghosts and antighosts reads
SquadGF =
1
2κ2
∫
d4x(C¯ν2C
ν + C¯ν∂µ∂νC
µ). (2.28)
Switching to momentum space, the equation for the propagator is
− 1
2κ2
(k2δµν + k
µkν)
〈
CνC¯ρ
〉
= iδµρ , (2.29)
whose solution is 〈
CµC¯ν
〉
=
−i2κ2
k2 + i
(
δµν −
kµkν
2k2
)
(2.30)
2.5 Unitarity
Perturbative unitarity can be proved by switching to a convenient gauge-fixing
where propagators become manifestly unitary. There, we count the physical degrees
of freedom by looking at the poles. In the case of Yang-Mills theory this is achieved
in the Coulomb gauge, by choosing
Ψ =
∫
d4xC¯a
(
∂iAai +
ξ
2
Ba
)
.
Working in momentum space with the Euclidean signature, we have k2 = ~k2 + k24,
where k4 ≡ ik0 and (~k, k0) are the components of the four-momentum k. The result,
after integrating B away, is〈
Aa0(k)A
b
0(−k)
〉
= −δ
ab
~k2
+
δabξk20
(~k2)2
,
〈
Aa0(k)A
b
i(−k)
〉
=
ξδabk0ki
(~k2)2
,
〈
Aai (k)A
b
j(−k)
〉
=
δab
~k2 − k20
(
δij − kikj~k2
)
+
ξδabkikj
(~k2)2
(2.31)
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Only 〈AiAj〉 has poles, precisely two at k0 = ±|~k|. The ghosts propagator can be
easily found from the quadratic part of the gauge-fixing
sΨC¯C = −
∫
d4x C¯a∆C
a,
where ∆ is the Laplacian. It gives〈
CaC¯b
〉
=
δab
~k2
, (2.32)
which has no pole. Since the dependence on the group indices is only thorugh δab,
we have two poles for every element of the gauge group. Therefore, the total number
of poles is 2dimG, where G is the gauge group.
In the case of gravity the analogous gauge is known as the Prentky gauge and
corresponds to the choice
Gν(φ) = ∂iφiν , i = 1, 2, 3,
in (2.21), while the gauge-fixing parameter ξ is set to zero. We simplify the com-
putation of the propagators by proceeding as follows. We work in the Euclidean
signature and choose a coordinate system where k1 = k2 = 0. Thus, we have
k2 = k24 + k
2
3, where k4 = ik0. Then, we impose the gauge condition ∂iφ
iν = 0,
which in momentum space reads φ3ν = 0. The quadratic part in the graviton field
is, in matrix notation,
SquadEH =
1
2
∫
d4x φ˜TVφ˜. (2.33)
Here, φ˜ ≡ {00, 01, 02, 11, 12, 22} (where “ij” stands of φij) and V is a 6× 6 matrix.
The inverse matrix reads
V−1 = D =

k2
k43
0 0 − 1
k23
0 − 1
k23
0 1
k23
0 0 0 0
0 0 1
k23
0 0 0
− 1
k23
0 0 1
k2
0 − 1
k2
0 0 0 0 1
k2
0
− 1
k23
0 0 − 1
k2
0 1
k2

. (2.34)
There are two poles at k0 = ±|k3|. Note that they are present only in the subspace
S = {11, 12, 22}. In this subspace the matrix
D|S =
 1k2 0 − 1k20 1
k2
0
− 1
k2
0 1
k2
 (2.35)
has determinant equal to zero. This implies that there are only two independent
positive residues. Indeed, the matrix of the residues can be diagonalized and gives
(k2D|S)k2=0 =
 1 0 −10 1 0
−1 0 1
 →
 2 0 00 1 0
0 0 0
 . (2.36)
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Now we check whether the ghosts have propagating degrees of freedom or not. The
quadratic part of the action of the ghost fields is
Squad
CC¯
=
1
2κ2
∫
d4xC¯ν(∂i∂
iCν + ∂i∂
νCi)
≡ − 1
2κ2
∫
d4x C¯µ(Vgh)µνCν .
(2.37)
In momentum space, we rotate to have k1 = k2 = 0 and in the basis {C¯0, C¯3, C¯1, C¯2}
and {C0, C3, C1, C2}, the matrix Vgh reads
Vgh =

k23 k0k3 0 0
0 2k23 0 0
0 0 k23 0
0 0 0 k23
 ⇒ V−1gh =

1
k23
−k0k3
2k43
0 0
0 1
2k23
0 0
0 0 1
k23
0
0 0 0 1
k23
 , (2.38)
Therefore, the ghost propagators have no poles and the theory is unitary with two
massless propagating degrees of freedom, which correspond to the graviton elicities.
2.6 Divergences of the theory
In this section, we recall known results about the ultraviolet behaviour of the Ein-
stein theory and mention some possible solutions studied in [6].
First of all, we show that Einstein gravity is nonrenormalizable by simple power
counting. In fact, if we substitute φµν → √2κ2φµν in formula (2.24) , the term
− 1
2κ2
1
2
φµνVµνρσφ
ρσ → −1
2
φµνVµνρσφ
ρσ
is normalized to one and the vertices are multiplied by powers of κ, which has neg-
ative mass dimension. This implies that we can construct infinitely many potential
counterterms, with arbitrarily large dimensions, each one multiplied by a suitable
power of κ. In other words, the theory is nonrenormalizable. In the Einstein theory,
one-loop divergences are proportional to the following higher-derivative terms∫
d4x
√−gRµνRµν and
∫
d4x
√−gR2. (2.39)
Precisely, the counterterms, computed by ’t Hooft and Veltman [4] in dimensional
regularization, are
∆S =
~
8pi2
∫
dDx
√−g
[
1
120
R2 +
7
20
RµνR
µν
]
, (2.40)
where  = 4 − D and D is the continued dimension. Since the two contributions
to ∆S are proportional to the vacuum field equation (2.16), they can be absorbed
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by means of a field redefinition. This is proved in the following way. Consider an
action functional S(φi) of certain fields φi and its equations of motion δS/δφi ≡ Si
where the index i collects spacetime, Lorentz and group indices, and summation
over repeated indices includes integration over spacetime points. We can write
S(φi + Fi) = S(φi) + FiSi +O(F 2)
where Fi can contain fields and their derivatives. In the case of gravity we have
g′µν = gµν + aRµν + bgµνR +O(a2, b2, ab). (2.41)
With a suitable choice of the coefficients a and b, we can write
SEH(g
′) = SEH(g)−∆S(g) +O(~2), (2.42)
which shows that the one-loop divergences can indeed be removed in this way.
We conlcude that pure gravity is finite at one loop in dimension 4. Actually, this
is just a lucky coincidence since finiteness is spoiled by the presence of matter. If
we couple gravity to matter the equations of motion are modified by the energy
momentum tensor
Gµν = κ
2Tµν .
The divergences (2.39) of the pure gravity sector are not proportional to the equa-
tion of motion any longer and cannot be completely reabsorbed by means of field
redefinitions. Moreover, other divergences appear, due to loop diagrams including
matter. For instance, if we couple a scalar field ϕ to gravity through the action
S(ϕ) =
1
2
∫
d4x
√−g∂µϕ∂νϕgµν ,
we obtain new divergent terms proportional to
(gµν∂µϕ∂νϕ)
2, Rgµν∂µϕ∂νϕ, (∇µ∇µϕ)2. (2.43)
In ref. [5] Goroff and Sagnotti showed that pure gravity diverges at two loops
and all the nontrivial divergent terms are proportional to
√−gRµνρσRρσαβRαβµν , (2.44)
which cannot be absorbed by means of field redefinitions, neither in pure gravity,
nor in gravity coupled to matter. Therefore, renormalization leads to add a term
similar to (2.44) in (2.14), but this would generate other new divergent terms, which
also need to be added to the action, multiplied by their own indipendent parame-
ters, and so on. In the end, the resulting action contains infinitely many terms and
parameters. Hence, the quantum version of the Einstein theory of gravitation turns
out to be nonrenormalizable in 4 dimensions.
In higher dimension there are other divergences. For instance, in dimension 6 the
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counterterm (2.44) appears already at one loop [10]. Therefore, increasing the
spacetime dimensions does not solve the problem. It has long been believed that
supergravity could be a solution. It is known that N = 1 supergravity is two-loop
finite [11] but then it starts to be divergent. Extended supergravities, N = 8 for
instance, are believed to be finite up to higher orders.
In conclusion, general relativity needs to be treated as an effective theory, being
predictive only in a low energy approximation. A more fundamental theory should
exist.
We have two ways to proceed.
The first way is to consider all the (infinitely many) invariants that cannot be re-
absorbed by means of field and parameter redefinitions and add them to the action
(2.14). If we were able to find some physical quantities depending only on a finite
subset of the parameters, then the theory would be predictive, despite its nonrenor-
malizability. A convenient way to organize the most general action, preserved by
renormalization, has been studied in [6]. In arbitrary dimension d > 2 the action
has the form
SQG = − 1
2κd−2
∫
ddx
√−g(R + 2Λ + λ0κ2Gˆ+ λ1κ4C3 + λ′1κ4C ′3
+
∞∑
n=2
λnκ
2n+2Jn(∇, C)),
(2.45)
where [κ] = −1, λn are dimensionless parameters and Jn(∇, C) denotes all the
possible local scalars that can be constructed by contracting at least three Weyl
tensors Cµνρσ and covariant derivatives ∇µ. Finally, Gˆ is the generalization of the
Gauss-Bonnet term defined by
Gˆ = RµνρσR
µνρσ − 4RµνRµν +R2 + 4(d− 3)(d− 4)
(d− 1)(d− 2) Λ(R + Λ),
and C3 and C
′
3 are contractions between three Weyl tensors
C3 = CµνρσC
ρσαβCαβ
µν , C ′3 = CµρνσC
αµβνCρα
σ
β.
Rearranging the general action as above, we can study properties of quantum grav-
ity. For example, it is possible to show that conformally flat and the Friedmann-
Lemaˆıtre-Robertson-Walker metrics are still exact solutions of the field equations
derived from (2.45). It is worth to note that a general theorem holds [12], concerning
field redefinitions and the terms quadratically proportional to the field equations.
Precisely,
Theorem 1 Consider an action S depending on the fields φi, where the index i
takes into account both the fields type, components and spacetime point. Define a
new action S ′ in the following way
S ′(φi) = S(φi) + SiFijSj
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where Si ≡ δS/δφi are the equations of motion and Fij is a symmetric operator
which can contain derivatives. The summation over repeated indices includes inte-
gration over spacetime points. Then there exists a field redefinition
φ′i = φi + ∆ijSj (2.46)
such that, perturbatively in F and to all orders in powers of F,
S ′(φi) = S(φ′), (2.47)
where ∆ij is a symmetric operator.
Proof
If we Taylor expand the relation (2.47), we find
S(φi) + SiFijSj = S(φi) +
∞∑
n=1
1
n!
Sk1k2...kn
n∏
l=1
(∆klmlSml),
where Sk1k2...kn ≡ δnS/δφk1δφk2 . . . δφkn . Writinging the n = 1 term explicitly, we
get
SiFijSj = Si∆ijSj + ∆k1iSi∆k2jSj
∞∑
n=2
1
n!
Sk1k2...kn
n∏
l=3
(∆klmlSml).
The theorem follows because the explicit solution for ∆ can be worked out from
∆ij = Fij −∆k1i∆k2j
∞∑
n=2
1
n!
Sk1k2...kn
n∏
l=3
(∆klmlSml) (2.48)
by solving this equation recursively in powers of F . To the lowest orders, we find
∆ij = Fij − 1
2
Fik1Fjk2Sk1k2 + . . . . (2.49)
We can apply this theorem to the action
SHD(g, α, β) = − 1
2κ2
∫
d4x
√−g(R + αRµνRµν + βR2), (2.50)
by treating α and β perturbatively. We obtain
SHD(g, α, β) = SEH(g
′) (2.51)
exactly in all orders in α and β. In this case, the parameter α and β are called
“inessential” [9]. Therefore, the higher-derivative action and the Einstein-Hilbert
action are completely equivalent from the perturbative point of view. They are, of
course, not equivalent nonperturbatively in α and β (see chapter 4) to the extent
that the higher-derivative theory is renormalizable.
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The second way to proceed, which is the starting point of this work, is indeed
to consider the action (2.50), but not treat the parameters α and β perturbatively.
This is the right way to define a higher-derivative quantum gravity theory, since the
new terms cannot be reabsorbed by field redefinitions. The higher-derivative theory
(2.50) is known as Stelle gravity and, as we will see, it has interesting properties
from the point of view of renormalization.
In the next chapter we will give an introduction to the Batalin-Vilkovisky formalism,
a very important and useful tool to formulate quantum field theories, study their
renormalization and implement the Ward and Slavnov-Taylor identities to all orders.
2.7 Appendix
Projector operators
Starting from the transverse and longitudinal projectors for vectors
θµν ≡ ηµν − kµkν
k2
, (2.52)
ωµν ≡ kµkν
k2
, (2.53)
we define the projectors for the spin 2 tensors as
P (2)µνρσ ≡
1
2
(θµρθνσ + θµσθνρ)− 1
3
θµνθρσ, (2.54)
P (1)µνρσ ≡
1
2
(θµρωνσ + θµσωνρ + θνρωµσ + θνσωµρ), (2.55)
P (0)µνρσ ≡
1
3
θµνθρσ, (2.56)
P¯ (0)µνρσ ≡ ωµνωρσ, (2.57)
P¯ (0)µνρσ ≡ θµνωρσ + θρσωµν . (2.58)
The relations used in the computations of this chapter are:
1
2
(ηµρηνσ + ηµσηνρ) = [P
(2) + P (1) + P (0) + P¯ (0)]µνρσ
kµkρηνσ + kνkρηµσ + kµkσηνρ + kνkσηµρ = k
2[2P (1) + 4P¯ (0)]µνρσ
kµkνηρσ + kρkσηµν = k
2[P¯ (0) + 2P¯ (0)]µνρσ
ηµνkρkσ = k
2[3P (0) + P¯ (0) + P¯ (0)]µνρσ
kµkνkρkσ = k
4P¯ (0)µνρσ.
(2.59)
Chapter 3
Batalin-Vilkovisky formalism
The Batalin-Vilkovisky formalism [2] is a powerful tool to quantize field theories
and study their renormalization. The starting point is to define an extended action
by adding source terms for the composite BRST operators. Then the generating
functional and the effective action are defined as usual. In this chapter we give
a brief review of the formalism for non-Abelian Yang-Mills theories, proving the
properties that we need for our work. In particular, we derive the structure of the
renormalized action and show that the counterterms can be subtracted by means of
renormalization constants for fields, sources and parameters. Most of these results
are also valid for gravity theories. All the integrals are considered in D dimen-
sional Euclidean spacetime. The quantities are related to the Minkowsky spacetime
through the standard Wick rotation.
We start by introducing the multiplet Φi containing gauge and matter fields, ghosts,
antighosts and Lagrange multipliers
Φi ≡ (Aaµ, Ca, C¯a, Ba, ψ, ψ¯, ϕ),
where ψ and ϕ collect respectively all the fermionic and scalar fields, with dimen-
sions
[A] =
D
2
− 1, [C] = D
2
− 1, [C¯] = D
2
− 1, [B] = D
2
,
[ψ¯] =
D − 1
2
, [ψ] =
D − 1
2
, [ϕ] =
D
2
− 1.
We introduce the ghost number
gh#(A) = gh#(ψ) = gh#(ψ¯) = gh#(B) = gh#(ϕ) = 0,
gh#(C) = 1, gh#(C¯) = −1.
The action, as well as the functional measure, is invariant under
Φ→ Φexp(iαgh#(Φ)),
where α is a constant parameter.
21
22 Batalin-Vilkovisky formalism
3.1 Composite operators
The BRST transformations involve products of fields and their derivatives in the
same spacetime point, namely composite operators. The renormalization of com-
posite operators needs to be treated separately from the renormalization of the
elementary fields, since they are not related in an obvious way. Let O be a com-
posite operator of a certain field φ and call its renormalization constant ZO. Then
the bare operator is
OB(φB) = ZOOR.
The renormalized operator can be written in terms of the renormalized field φR as
OR = Z−1O OB(Z1/2φ φR),
where Zφ is the wave-function renormalization constant of φ (φB = Z
1/2
φ φR). The
generating functional of the correlation functions is defined as
Z(J) =
∫
[dφ]e−Sc(φ)+
∫
dDxφJ (3.1)
where J is a source for the elementary field φ and Sc the classical action. The
correlation functions which involve composite operators must be properly defined.
For this purpose we add a source term to the action
S(φ,KO) = Sc(φ)−
∫
dDxKOO,
where KO is a source for the composite operator. In the case of curved spacetime
all the sources are considered as scalar (vector, tensor) densities and therefore they
carry a hidden
√|g| factor. Finally, the correlation functions can be obtained by
differentiating the new generating functional Z(J,KO), (obtained by replacing Sc(φ)
with S(φ,KO) in formula (3.1)) with respect to the sources. The source term KOO
is a new vertex and has to be treated as any other vertex. Here KO, being external,
is a non propagating field. We write
KB = ZKKR
where KB and KR are respectively the bare and renormalized sources. Since bare
and renormalized actions are the same quantities, written in different variables, we
have
KBOB = KROR ⇒ ZK = Z−1O . (3.2)
Now we introduce the sources
Ki ≡ (Kaµ, KaC , KaC¯ , Kψ, Kψ¯, Kϕ)
for the composite BRST operators Ri(Φ) ≡ sΦi, with dimensions
[Kµ] =
D
2
, [KC ] =
D
2
, [KC¯ ] =
D
2
, [KB] =
D
2
− 1, (3.3)
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[Kψ¯] =
D − 1
2
, [Kψ] =
D − 1
2
, [Kϕ] =
D
2
− 1, (3.4)
and ghost numbers
gh#(Kµ) = gh#(KB) = gh#(Kψ¯) = gh#(Kψ) = gh#(Kϕ) = −1, (3.5)
gh#(KC) = −2, gh#(KC¯) = 0. (3.6)
Next, we add the term −RiKi to the gauge-fixed action S(Φ) = Sc(φ) + sΨ(Φ) and
define the extended action as
Σ(Φ, K) ≡ S(Φ)−
∫
dDxRiKi = S(Φ) + SK(Φ, K). (3.7)
Observe that the sources and their fields have statistics opposite to each other, since
the action has bosonic statistics:
εKi = εΦi + 1 mod 2.
3.2 Antiparentheses and master equation
Given two functionals X(Φ, K) and Y (Φ, K) we define their antiparentheses (X, Y )
as the functional
(X, Y ) ≡
∫
dDx
(
δrX
δΦα(x)
δlY
δKα(x)
− δrX
δKα(x)
δlY
δΦα(x)
)
. (3.8)
The antiparenteses satify the property
(Y,X) = −(−1)(εX+1)(εY +1)(X, Y ) (3.9)
and the Jacobi identity
(−1)(εX+1)(εZ+1)(X, (Y, Z)) + cyclic permutation = 0. (3.10)
Using these properties we compute the functional (Σ,Σ). For a generic bosonic
functional B we can write
(B,B) = −2δrB
δKi
δlB
δΦi
, (3.11)
where the integration over spacetime points are included in the repeated latin in-
dices. Thus we have
(Σ,Σ) = −2 δrS
δKi
δlS
δΦi
− 2 δrS
δKi
δlSK
δΦi
− 2δrSK
δKi
δlS
δΦi
− 2δrSK
δKi
δlSK
δΦi
. (3.12)
Since S does not depend on the sources Ki, the first and the second terms are zero.
Then, being sΦi = − δrSK
δKi
, the rest is
(Σ,Σ) = 2sΦi
δlS
δΦi
+ 2sΦi
δlSK
δΦi
= 2sS + 2sSK .
(3.13)
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From the s-invariance of S (sS = 0) and the nilpotency of s (s2 = 0), we obtain
the master equation
(Σ,Σ) = 0. (3.14)
We also define the left-adjoint operation
adXY ≡ (X, Y ),
and the σ operator
σX ≡ adΣX = (Σ, X). (3.15)
Then the nilpotency of σ follows from the master equation. Indeed,
σ2X = σ(Σ, X) = (Σ, (Σ, X))
= −1
2
(X, (Σ,Σ)) = 0,
(3.16)
where in the last step we used the Jacobi identity (3.10). Note that the operator σ
coincides with s on the fields Φi
σΦi = (Σ,Φi) = − δrΣ
δKi
= sΦi.
Moreover, the s-invariance of Σ follows from the master equation
sΣ = sΦi
δlΣ
δΦi
= − δrΣ
δKi
δlΣ
δΦi
=
1
2
(Σ,Σ) = 0.
(3.17)
The master equation encodes both the symmetry and the nilpotency in a unique
expression. As anticipated in the previous chapter we call sigma-closed a functional
X such that σX = 0 and sigma-exact a functional Y = σZ where Z in another
functional.
In this formalism, given a fermionic functional Ψ, the gauge-fixing term sΨ can be
written as
sΨ = (SK ,Ψ).
Hence the total action is
Σ(Φ, K) = Sc(φ) + (SK ,Ψ) + SK . (3.18)
3.3 Properties of the total action
In pure non-Abelian gauge theory the set of BRST transformations is
sAaµ = D
ab
µ C
b
sCa =
g
2
fabcCbCc
sC¯a = Ba
sBa = 0, (3.19)
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where g is the coupling constant, Dabµ = ∂µδ
ab − gfacbAcµ is the covariant derivative
in the adjoint representation and fabc are the structure constants of the algebra.
Explicitely, the functional which couples the composite operators with the sources
is ∫
dDxRiKi =
∫
dDxDabµ C
bKaµ +
∫
dDx
g
2
fabcCbCcKaC +
∫
dDxBaKaC¯ . (3.20)
It is linear in the sources Ki, so there are no vertices involving KB or KC¯ . There-
fore the counterterms do not depend on them, since we cannot construct any one-
partcle irreducible diagrams involving those external legs. A standard choice for
the fermionic functional is
Ψ =
∫
dDxC¯a
(
∂µAaµ +
ξ
2
Ba
)
(3.21)
which gives
sΨ =
∫
dDx
(
Ba∂µAaµ +
ξ
2
(Ba)2 − C¯a∂µDabµ Cb
)
. (3.22)
We note that the dependence on C¯a in the action (3.7) is only through
−
∫
dDx
(
C¯a∂
µDabµ Cb
)
which integrated by parts becomes∫
dDx
(
∂µC¯aD
ab
µ Cb
)
,
while the Kµa -dependence is
−
∫
dDxDabµ CbK
µ
a =
∫
dDxKµaD
ab
µ Cb.
Therefore the action (3.7) depends on Kµ and C¯a only through the combination
Kµa + ∂µCa (3.23)
This property ensures that the counterterms also depend onKµa and C¯
a only thorugh
(3.23). In fact, given a diagram G with Kµa -external leg, there exist an almost
identical diagram G′ that differs from G only because Kµa is replaced by a ∂
µC¯a-leg,
and vice versa.
As we showed in chapter 2, in the case of gravity the structures of the functionals
are very similar to those of Yang-Mills theory. Therefore, in gravity theories the
total action Σ satisfies analogous properties straightforwardly.
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3.4 Canonical transformations
A canonical transformation C is a map
Φi → Φi′(Φi, Ki), Ki → K ′i(Φi, Ki)
which preserves the antiparentheses, i.e. such that
(X ′, Y ′)′ = (X, Y ),
where X ′, Y ′ are the functionals evaluated in the transformed fields and sources
and (·, ·)′ denotes the antiparenteses with respect to Φi′ and K ′i. A canonical trans-
formation is generated by a fermionic functional F such that
Φi′ =
δF
δK ′i
, Ki =
δF
δΦi
The generating functional of the correlation functions is defined as
Z(J,K) =
∫
[dΦ]exp
(
−Σ(Φ, K) +
∫
dDxΦi(x)Ji(x)
)
= exp(W (J,K)), (3.24)
where [dΦ] ≡ [dA][dC][dC¯][dB] is the functional integration measure and Ji are
external sources. The effective action Γ(Φ, K) is the Legendre transform
Γ(Φ, K) = −W (J(Φ), K) +
∫
dDxΦi(x)Ji(x), Ji =
δlΓ(Φ, K)
δΦi
. (3.25)
We prove now that [dΦ] is an s-invariant functional measure. Since anticommuting
fields and parameters are involved we define the superdeterminant and the super-
trace of a blocks matrix M as
sdetM ≡ detA
det(D − CA−1B) , strM ≡ trA− trD, M =
(
A B
C D
)
,
where A, D contain commuting entries while B, C contain anti-commuting entries.
Under the transformation Φi → Φi′ ≡ Φi + εRi, the functional measure changes as
[dΦ′] = J [dΦ],
where J is the superdeterminant of the Jacobian matrix J = δΦi′(x)
δΦj(y)
. The parameter
ε is anticommuting, which implies ε2 = 0. Then, the superdeterminant has the exact
expansion
sdetJ = sdet
(
δijδ(x− y) + δεR
i(x)
δΦj(y)
)
= 1 + str
(
δεRi(x)
δΦj(y)
)
.
In the Yang-Mills case, the only non zero diagonal blocks are
δεsAaµ
δAbν
= −δνµgfabcεCc,
δεCa
δCb
= gfabcεCc, (3.26)
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but fabc is a totally antisymmetric tensor and its contribution to the trace is zero.
Therefore, we have J = 1 and the functional measure is s-invariant.
In the framework of the dimensional regularization we can give a more general proof.
The functional derivative inside the superdeterminant produces a D-dimensional
Dirac delta function or its derivatives, depending on whether the fields are differ-
entiated or not. In Fourier tranform, we have a sum of contributions proportional
to
δ(D)(x− y) =
∫
dDp
(2pi)D
eip(x−y), (3.27)
∂µ1 . . . ∂µnδ
(D)(x− y) = in
∫
dDp
(2pi)D
eip(x−y)pµ1 . . . pµn . (3.28)
Since the supertrace is understood also in the spacetime indices we have to set
x = y, finding
∫
dDp
(2pi)D
1 and in
∫
dDp
(2pi)D
pµ1 . . . pµn , which are zero in dimensional
regularization as long as the number of derivatives is finite. Finally, we have
J = 1 + str
(
δεRi(x)
δΦj(y)
)
= 1. (3.29)
This ensures that, working in dimensional regularization, the functional measure is
s-invariant also in the case of gravity.
Since both the action (3.7) and the measure are s-invariant, we write
Z(J,K) =
∫
[dΦ]e−Σ(Φ,K)+Φ
iJi =
∫
[dΦ′]e−Σ(Φ
′,K)+Φi′Ji
=
∫
[dΦ]e−Σ(Φ,K)+Φ
iJi+εRiJi = Z(J,K)
〈
eεR
iJi
〉
,
(3.30)
where in the last step we used the definition of the expectation value of an operator
Θ in the path integral formalism
〈Θ〉 =
∫
[dΦ]Θe−Σ+Φ
iJi∫
[dΦ]e−Σ+ΦiJi
. (3.31)
It follows that 〈
eεR
iJi
〉
= 1.
Expanding the exponential in the parameter ε, it is sufficient to impose the first
order equation 〈RiJi〉 = 〈Ri〉 Ji = 0. (3.32)
From the definition of the effective action we find
δrZ
δKi
= eW
δrW
δKi
⇒ − δrΓ
δKi
=
1
Z
δrZ
δKi
=
〈Ri〉 . (3.33)
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Finally, we obtain
0 = − δrΓ
δKi
J i = − δrΓ
δKi
δlΓ
δΦi
=
1
2
(Γ,Γ), (3.34)
which is the master equation for the gamma functional. With the same argument we
can prove that the average of any s-invariant composite operator does not depend
on the gauge-fixing, in particular on the choice of the fermionic functional Ψ. Let
O be a composite operator. From the s-invariance of the measure and the action
we can write
Z−1(J,K)
∫
[dΦ]Oe−Σ+ΦiJi|J=0 = Z−1(J,K)
∫
[dΦ](O+ εsO)e−Σ+ΦiJi |J=0, (3.35)
whence
〈sO〉0 = 0, (3.36)
where the subscript 0 denotes that the external sources J are set to zero. Now,
consider s-closed composite operators Θα(x) and the correlation function
〈Θα1(x1) . . .Θαn(xn)〉0 . (3.37)
Suppose that we vary the fermionic functional with an arbitrary deformation δΨ.
Then the action varies by s(δΨ). Therefore the first order in the variation of (3.37)
is
〈Θα1(x1) . . .Θαn(xn)s(δΨ)〉0 = 〈s(Θα1(x1) . . .Θαn(xn)δΨ)〉0 = 0. (3.38)
This ensures that the value of (3.37) is the same for every gauge choice. If the
correlation functions (3.37) satisfy certain properties in some gauge, then we can
conclude that such properties hold in every gauge. For instance, in QED, using a
manifestly unitary gauge such as the Coulomb gauge, we can easily check that the
propagating degrees of freedom are just the two physical polarizations.
3.5 Renormalization
The renormalization can be achieved by making canonical transformations Ck and
parameters redefinitions Rk. We denote the functionals renormalized up to the n-th
order included by Σn, Γn. Renormalization is performed by the operations
Σn(Φn, Kn, ζn) = (Cn ◦Rn)Σn−1(Φn−1, Kn−1, ζn−1),
Σ0(Φ0, K0, ζ0) ≡ ΣB(ΦB, KB, ζB),
where ζ is a convenient parameter introduced in front of the pure Yang-Mills action
ζ
4
∫
dDxF aµνF
µν
a (3.39)
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and the subscript B indicates the bare quantities. The renormalization up to the
order ~n reads
Σn(Φn, Kn, ζn) = ℘nΣB(ΦB, KB, ζB), (3.40)
where
℘n = Cn ◦Rn ◦ . . . C1 ◦R1. (3.41)
Observe that since the field redefinitions are canonical transformations, the master
equation is preserved at every order
(Σn,Σn)n = 0, (Γn,Γn)n = 0,
where (·, ·)n are the antiparentheses with respect to Φn and Kn. Expanding Γn in
powers of ~, the (n+ 1)-th order of the master equation for Γn reads
Γn =
∞∑
m=0
~mΓ(m)n ⇒
n+1∑
k=0
(
Γ(n+1−k)n ,Γ
k
)
n
= 0. (3.42)
We know that the functionals Γ
(k)
n are convergent for k ≤ n. Thus, the divergent
part of (3.42) gives (
Γ(0)n ,Γ
(n+1)
n div
)
n
= 0. (3.43)
Since Γ
(0)
n = Σ0 we have (
Σ0,Γ
(n+1)
n div
)
= σΓ
(n+1)
n div = 0. (3.44)
Now we work out the general solution of the cohomological problem (3.44) for Yang-
Mills theories. We inductively assume that all the subdivergences are subtracted
by appropriate counterterms, so Γ
(n+1)
n div is a local functional. Furthermore, it is the
integral of a linear combination of functionals with dimension D and ghost number
zero. Moreover, the counterterms are linear in the sources Ki, since terms quadratic
in Ki have either dimension greater than D or ghost number different from zero.
The general solution can be written as
Γ
(n+1)
n div =
∫
dDx
[
G˜n+1(A) + (Kµa + ∂µC¯a)(a˜n+1∂µCa + b˜abcn+1AbµCc)
+gc˜n+1f
abcKaCC
bCc
]
,
(3.45)
where a˜n+1, b˜
abc
n+1 and c˜n+1 are dimensionless constants. Working out the condition
of σ-closure, it is easy to check that we can reorganize this expression in the form
Γ
(n+1)
n div =
∫
dDxGn+1(A) + σXn+1(Φ, K), (3.46)
where G is a s-invariant (and then gauge invariant) local functional of the physical
fields and X is the local functional
Xn+1(Φ, K) =
∫
dDx
[−an+1(Kµa + ∂µCa)Aaµ + bn+1KaCCa] ,
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where an+1 and bn+1 are new constants. Using a canonical transformation we can
remove the σ-exact term. Let
I(Φ, K ′) = ΦiK ′i
be the generator of the identity, then the transformation generated by
Fn+1(Φ, K ′) = I(Φ, K ′)−Xn+1(Φ, K ′) (3.47)
gives
Σ′(Φ′, K ′) = Σ(Φ, K)− σXn+1(Φ, K), (3.48)
plus higher orders. The term G can be subtracted by a ridefinition of the parameters
in the classical action Sc. Writing explicitely the transformation generated by the
functional (3.47) we have
Aa′µ = (1 + an+1)A
a
µ ≡ Z1/2A,n+1Aaµ, Ca′ = (1− bn+1)Ca ≡ Z1/2C,n+1Ca, (3.49)
Ka′C = (1 + bn+1)K
a
C ≡ Z−1/2C,n+1KaC , (3.50)
Kµ′a = K
µ
a − an+1(Kµa + ∂µC¯a) ≡ Z−1/2A,n+1(Kµa + ∂µC¯a)− ∂µC¯a, (3.51)
Ka′¯C = KC¯ + an+1C¯
a∂µAaµ ≡ KaC¯ + ∂αAaα(Z1/2A,n+1 − 1), (3.52)
ζ ′ = Rn+1ζ ≡ Zζ,n+1ζ. (3.53)
The only gauge invariant, local functional G(A) which can be constructed in pure
Yang-Mills theory is (3.39) and it is renormalized up to the (n+ 1)-th order by the
parameter redefinition
ζn+1 = Zζ,n+1ζ. (3.54)
By iterating this procedure, the renormalization to all orders is performed by the
transformation ℘R = ℘∞. The renormalization constants Z∞ will be denoted omit-
ting the infinity sign. We note that ℘R is not multiplicative because of (3.51) and
(3.52). It is easy to check that renormalization can be equivalently achieved by
means of a multiplicative redefinition. In fact the action (3.7) can be parametrized
in the following way
Σ(Φ, K, g) =
1
g2
Σ(gΦ, gK).
Then we apply the ℘n+1 to the action on the right hand side. Since the non-
multiplicative transformations in sΨ(gΦ) and SK(gΦ, gK) cancel each other, we can
redefine the renormalization constants and obtain the multiplicative renormalization
Aaµ → Z˜1/2A Aaµ, Ca → Z˜1/2C Ca, g → Zgg,
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C¯a → Z˜1/2C C¯a, Ba → Z˜−1/2A Ba, ξ → Z˜Aξ (3.55)
Kµa → Z˜−1/2A Kµa , KaC → Z˜−1/2C KaC , KaC¯ → KaC¯ ,
where
Zg = Z
−1/2
ζ , Z˜A = ZζZA, Z˜C = Z
−1/2
A Z
1/2
C . (3.56)
This last form of the transformation cannot be achieved for more general gauge
theories, such as Einstein gravity.
In the next chapters we will use the Batalin-Vilkovisky formalism to present the
theories we have studied and prove their renormalization.
32 Batalin-Vilkovisky formalism
Chapter 4
Higher-derivative quantum gravity
A possible way out to the nonrenormalizability problem of general relativity could
be to consider a higher-derivative theory. In 1977 Stelle proposed a new model
of gravity [7] where the Einstein-Hilbert action is modified by adding two higher-
derivative terms. The candidates for such additions are terms quadratic in the
curvature tensors, which contain four derivatives. They change the dominant kinetic
terms of the Lagrangian, leading to a stabilization of the divergences and making
the theory renormalizable by power counting. This is the simplest extension of
the gravitational action that provides renormalizability. As shown in details in
chapter 5, the addition of terms with more than four derivatives can make the
theory convergent above a certain order in the loop expansion, but cannot remove
the one-loop divergences. Furthermore, one must choose the new terms carefully
and check if they really improve the behaviour of propagators in the UV limit. For
instance, the term
√−gR3 is not acceptable, since it does not contain any terms
quadratic in the graviton field, while the term
√−gR2R is acceptable, but alone
is not enough. Unfortunately, the price to pay to have renormalizability is the
violation of the unitarity condition. In this chapter we review the Stelle theory,
prove its renormalizability and discuss the ghost problem.
4.1 Action
Consider the following modification of the Einstein-Hilbert action, with four-derivative
terms,
SHD(g) = − 1
2κ2
∫
d4x
√−g (αRµνRµν + βR2 + γR + 2ΛC) , κ2 = 8piG. (4.1)
A cosmological term has been added since renormalization turns it on anyway.
Formula (4.1) is the most general gravitational action with four derivative. In fact,
it is not necessary to add the functional∫
d4x
√−gRµνρσRµνρσ,
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which is quadratic in the Riemann tensor, because the Gauss-Bonnet term∫
d4x
√−g(RµνρσRµνρσ − 4RµνRµν +R2)
is topological in four dimensions. We expand the inverse metric around a flat
background as
gµν = ηµν + φµν
and consider the field φ as the graviton field. The symmetry of this action is the
same as the one of the Einstein theory, that is to say
φµν → φµν + δφµν = φµν +Dµνα ξα,
where
Dµνα ξ
α ≡ ∂µξν + ∂νξµ + ∂αξµφαν
+ ∂αξ
νφαµ − ξα∂αφµν .
In this parametrization we can fix the mass dimensions in order to have the domi-
nant kinetic terms properly normalized. Since R2 and RµνR
µν already have dimen-
sion 4 we choose
[α] = 0, [β] = 0, [κ] = 0, [γ] = 2. (4.2)
No parameter has negative dimension. Therefore, we can construct only a finite
number of counterterms of dimension 4, which is a necessary condition to have
renormalizability by power counting.
We recall the BRST transformations (2.20), which are
sφµν = Dµνα C
α
sCα = ∂βC
αCα
sC¯τ = Bτ
sBτ = 0. (4.3)
The dimensions of the fields are
[φµν ] = 0, [Cσ] = 0, [C¯τ ] = 0, [Bτ ] = 1.
Adding the gauge-fixing term to the action (4.1), we obtain the gauge-fixed action
S(Φ) = SHD(φ
µν) + sΨ, (4.4)
where Ψ is a fermionic functional with [Ψ] = −1 and gh#(Ψ) = −1. In order to
have the same behaviour in the UV for both the ghost propagator and the graviton
propagator, we choose the functional
Ψ = − 1
2κ2
∫
d4xC¯ν2
(
∂µφ
µν +
ξ
2
Bν
)
, (4.5)
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which is a higher-derivative version of the standard one. The gauge-fixed action
(4.4) becomes
S(Φ) = SHD(φ
µν) +
1
2κ2
∫
d4x(C¯ν∂µ2D
µν
α C
α − ξ
2
Bν2B
ν −Bν∂µ2φµν).
Solving the field equations for B, which are
2∂µφ
µν + ξ2Bν = 0 ⇒ Bν = −1
ξ
∂µφ
µν ,
the action turns into
S(Φ) = SHD(φ
µν) +
1
2κ2
∫
d4x
1
2ξ
(∂µφ
µν)2(∂ρφρν).
Using the projector operators introduced in chapter 2, we compute the propagator.
In particular, we show that the theory is not unitary, because some additional
propagating degrees of freedom with negative residues are present.
The quadratic parts of RµνR
µν and R2 are in momentum space
RµνR
µν =
1
2
φµν
[
(k2)2
4
(ηµρηνσ + ηνρηµσ) +
(k2)2
2
ηµνηρσ
−k
2
4
(kµkρηνσ + kνkρηµσ + kµkσηνρ + kνkσηµρ)
−k
2
2
(kµkνηρσ + kρkσηµν) + kµkνkρkσ
]
φρσ
=
1
2
φµν
[
(k2)2
2
P (2)µνρσ + 2(k
2)2P (0)µνρσ
]
φρσ,
(4.6)
R2 =
1
2
φµν [2(k2)2ηµνηρσ − 2kµkνkρkσ − 2k2ηµνkρkσ − 2k2ηρσkµkν ]φρσ
=
1
2
φµν [6(k2)2P (0)µνρσ]φ
ρσ,
(4.7)
and the contribution of the gauge-fixing is
− 1
2ξ
φµν
[
k2
4
(kµkρηνσ + kµkσηνρ + kνkρηµσ + kνkσηµρ)
]
φρσ
= −1
2
φµν
[
(k2)2
ξ
(
1
2
P (1)µνρσ + P¯
(0)
µνρσ
)]
φρσ.
(4.8)
The total quadratic part of the action finally reads
Squad(φ) =
1
2κ2
∫
d4x
1
2
φµν
[
k2
2
(γ − k2α)P (2)µνρσ − k2(6βk2 + 2αk2 + γ)P (0)µνρσ
−(k
2)2
ξ
(
1
2
P (1)µνρσ + P¯
(0)
µνρσ
)]
φρσ.
(4.9)
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Let Vµνρσ(k) denote the operator inside the squared brackets. Then the propagator
is the tensor Dµνρσ(k) which inverts the quadratic operator. In matrix notation, we
have
V · D = I, (4.10)
where I = i
2
(δµρ δ
ν
σ + δ
ν
ρδ
µ
σ) is the symmetrized identity matrix. The propagator in
the projector basis is
Dµνρσ(k) =
i
k2 + i
[
2P
(2)
µνρσ
(γ − αk2) −
P
(0)
µνρσ
2(3βk2 + αk2 + γ/2)
− ξ
(k2)
(2P (1)µνρσ + P¯
(0)
µνρσ)
]
.
(4.11)
The expression of the ghost propagator follows straightforwardly, as in (2.28), from
the part of SGF that is quadratic in the fields C, C¯. In momentum space we find〈
CµC¯ν
〉
=
i2κ2
k2 + i
(
δµν − kµkν/2k2
k2
)
(4.12)
We identify the single poles and their residues by separating the propagator into
partial fractions. The part of the graviton propagator that is not proportional to ξ
reads
Dξ=0µνρσ(k) = i
[
P
(2)
µνρσ − P (0)µνρσ
γk2
− P
(2)
µνρσ
γ(k2 − γα−1) +
P
(0)
µνρσ
γ[k2 + γ(6β + 2α)−1]
]
. (4.13)
We see that the theory has two massive poles in addition to those of general relativ-
ity. Precisely, there is one spin-2 massive pole with squared mass γα−1 and negative
residue (which is a ghost) and a scalar pole with squared mass −γ(6β+ 2α)−1. The
terms proportional to ξ, as well as the ghost propagator (4.12), may be handled by
replacing
1
(k2)2
→ 1
k2(k2 + λ)
=
1
λk2
− 1
λ(k2 + λ)
,
and set λ to zero at the end of the calculation. Therefore, we have ghosts due to
these terms, but they are moved to infinity when λ→ 0.
We could suppress some higher-derivative terms by sending one of the constants to
zero. The limit β → 0 does not produce any singularities, since β always comes in
the combination 3β+α. However, that limit does not eliminate the ghost problem.
The limit α → 0 is equivalent to perform a higher-derivative regularization with a
cut-off Λ = α−1 and send Λ → ∞ at the end. The divergences in the cut-off are
always of the from Λr lns Λ = α−r(−1)s lns α, where s, r ≥ 0 and s + r > 0, and
correspond to the divergences of the Einstein theory. In the end, the nonrenormal-
izability problem reappears. To have power counting renormalizability, we need to
keep both higher-derivative terms RµνR
µν and R2, at the expense of unitarity.
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4.2 Renormalization and power counting
In this section we prove the renormalizability of the theory with the help of the
Batalin-Vilkovisky formalism. We compute the superficial degree of divergence and
show that working at ξ = 0 all the divergences are due to diagrams involving only
external graviton legs. At ξ 6= 0 the proof can be extended by assuming that
the counterterms satisfy the Kluberg-Stern Zuber conjecture [13] which has been
recently proved for the Stelle theory [14].
We introduce a set of sources Ki = (Kµν , K
C
σ , K
τ
C¯
, KτB) for the composite BRST
operators Ri ≡ sΦi, and define the total action
Σ(Φ, K) = S(Φ)−
∫
d4xRiKi. (4.14)
This action satisfies the master equations
(Σ,Σ) = 0, and (Γ,Γ) = 0.
The dimensions and ghost numbers are
[Kφ] = 3, [KC ] = 3, [KC¯ ] = 3, [KB] = 2, (4.15)
gh#(Kφ) = −1, gh#(KC) = −2, gh#(KC¯) = 0, gh#(KB) = −1. (4.16)
The renormalized action does not depend on the sources KB and KC¯ , apart from
SK . Furthermore it is linear in Kφ and KC for dimensional reasons. In particular,
it depends on Kφ and C¯ only through the combination
Kµνφ −2∂µC¯ν , (4.17)
recalling the Yang-Mills case. From the master equation we know that the coun-
terterms have to satisfy the equation
σΓ
(n+1)
n div = 0. (4.18)
The general solution can be written as
Γ
(n+1)
n div (Φ, K) =
∫
d4xG˜n+1(Φ, K) + σX˜n+1(Φ, K), (4.19)
where G˜n+1 is a sigma-closed local functional. A priori, we do not know if the
expression (4.19) can be reduced to the form (3.46), where all the dependence on
the sources and the unphysical fields are moved into the σ-exact term. We can
handle this problem by looking at the power counting of the action (4.14), in order
to check if it is possible to prove (3.46) in a particular gauge. The superficial degree
of divergence of a diagram G is
δG = 4L+ 2V2 + 4V4 + 4Vg + VKC + VKφ − 4Ig − 4Iφ − 3EC¯ (4.20)
where we used the following notation
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L = number of loops,
Vi = number of graviton vertices with i derivatives,
Vg = number of ghost-antighost-graviton vertices,
VKi = number of vertices involving Ki and derivatives,
Ig, Iφ= number of ghost and graviton propagators,
EC¯= number of external antighost legs.
The last term of (4.20) has been added because in the ghost-antighost-graviton
vertex the antighost leg always comes with three derivatives. In fact, consider the
part of the action (4.4) that contains the ghost-antighost-graviton vertex: it is easy
to see that we can move three derivatives on the antighost by integrating by parts.
Indeed,
SCφC¯ =
1
2κ2
∫
d4xC¯ν2∂µ (∂αC
µφαν + ∂αC
νφαµ − Cα∂αφµν)
= − 1
2κ2
∫
d4x∂µ2C¯ν (∂αC
µφαν + ∂αC
νφαµ − Cα∂αφµν) .
(4.21)
Therefore, when an external antighost leg appears in a diagram, δG is reduced by 3
units. Using the topological relation
V + L− I = 1,
where V and I are the number of vertices and the number of propagators, respec-
tively, we get
δG = 4− 2V2 − 3VKC − 3VKφ − 3EC¯ . (4.22)
We note that just three kinds of divergent diagrams involve ghosts. They are those
that have the external legs: KC − C − C, Kφ − C and C − C¯. Each of them may
have arbitrary numbers of external gravitons, which come from the V4 vertices, since
those vertices do not contribute to δG. The superficial degree of divergence of the
listed diagrams is δG = 1−2V2. They are divergent when no vertices V2 are present.
A remarkable fact is that it is possible to move the divergences to diagrams that
involve only graviton external legs, by working at ξ = 0, where, by formula (4.11),
kµDξ=0µνρσ(k) = 0. (4.23)
To see this, observe that the action term (4.21) can be rewritten as
SCφC¯ =
1
2κ2
∫
d4xC¯ν2∂µ (∂αC
µφαν + ∂αC
νφαµ − Cα∂αφµν)
=
1
2κ2
∫
d4x2C¯ν(∂µ∂αC
µφαν + ∂µ∂αC
νφαµ + ∂αC
ν∂µφ
αµ − Cα∂µ∂αφµν),
(4.24)
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where in the last step the equality holds up to integration by parts. We note that
the vertices of (4.24) that are proportional to ∂µφ
µν give zero when the graviton
enters the diagram, because of the condtion (4.23). The other terms always have two
derivatives on the ghost. Hence, when an external ghost leg appears in a diagram,
δG is reduced by 2 units. The superficial degrees of divergence becomes
δξ=0G = 4− 2V2 − 3VKC − 3VKφ − 3EC¯ − 2EC . (4.25)
In particular, for the considered diagrams it is respectively
δξ=0G = −3− 2V2, δξ=0G = −1− 2V2, δξ=0G = −1− 2V2.
The divergent digrams have an arbitrary number of external gravitons and satisfy
δξ=0G = 4− 2V2.
Therefore, in this case, Γ
(n+1)
n div does not depend on the ghosts, antighosts and sources:
Γ
(n+1)
n div =
∫
d4xGn+1(φµν). (4.26)
We note [14] that G(φ) hides a term, proportional to the equation of motion δSHD(φ)
δφµν
,
which is also σ-exact. Precisely, we have
σ(Kµνφµν) =
δSHD(φ)
δφµν
φµν . (4.27)
The divergent term (4.26) can be written as
Γ
(n+1)
n div =
∫
d4xG¯n+1(φµν) + an+1 δSHD
δφµν
φµν , (4.28)
where an+1 is a constant which encodes the renormalization of φ
µν .
In more general situations (such as working at ξ 6= 0), the structure of the diver-
gences is
Γ
(n+1)
n div =
∫
d4xG¯n+1(φµν) + σXn+1(Φ, K), (4.29)
where G¯(φµν) is a local, gauge invariant functional that depends on φµν and its
derivatives. As we noted before, the K-dependence of the functional Γ is only
linear and through the combination (4.17). For this reason we write the functional
Xn+1 as follows
Xn+1(Φ, K) =
∫
d4x
[
(Kµν − ∂µ2C¯ν)P µν(φαβ) +KCσ Qστ (φαβ)Cτ
]
, (4.30)
where the tensorial functions P µν andQστ are polynomial and depend on φ
µν , but not
of its derivatives, since the sources already have dimension 3 and ghost numbers
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−1 and −2. It is possible to remove the σ-exact term by means of a canonical
transformation generated by
Fn+1(Φ, K ′) = I(Φ, K ′)−Xn+1(Φ, K ′).
Since Xn = O(~n), we can write
Φi
′
= Φi − δXn+1(Φ, K)
δK ′i
, K ′i = Ki −
δXn+1(Φ, K)
δΦi
.
In components, we find
φ′µν = φµν − P µν(φαβ),
C ′σ = Cσ −Qστ (φαβ)Cτ ,
C¯ ′τ = C¯τ ,
B′ν = Bν , (4.31)
while the sources transform as
K ′µν = Kµν + (Kαβ −2∂αC¯β)
δP αβ(φ)
δφµν
−KCσ
δQστ (φ
αβ)
δφµν
Cτ ,
K ′Cσ = K
C
σ −KCαQασ(φ),
K ′C¯τ = K
C¯
τ ,
K ′Bτ = K
B
τ .
We obtain
Σ(Φ′, K ′) = Σ(Φ, K)− σXn+1(Φ, K).
Finally, the term
∫
d4x Gn+1(φ) is the sum of all the gauge invariant terms we can
construct and reads∫
d4xGn+1(φµν) =α(n+1)
∫
d4x
√−gRµνRµν + β(n+1)
∫
d4x
√−gR2
+ γ(n+1)
∫
d4x
√−gR + Λ(n+1)C
∫
d4x
√−g,
(4.32)
where α(n+1), β(n+1), γ(n+1) and Λ
(n+1)
C depend on the parameters contained in P
µν
and Qστ .
In conclusion, the presence of higher-derivative terms provides a solution to the
nonrenormalizability problem, but introduces the violation of unitarity. We could
add more higher-derivative terms, by considering actions of the form
SHD(g) = − 1
2κ2
∫
d4x
√−g (γR + αRµνRµν + βR2 + δRµν2Rµν + ηR2R + 2ΛC)
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but the violation of unitarity would remain. Indeed the basic structure of the
propagator of a higher-derivative theory is
1
k2(1 + pn(k2))
=
c0
k2
+
∑
i
ci
k2 −M2i
.
Here pn(k
2) is a polynomial of degree n and the coefficients c0, cj are the residues
at the poles. Their sum has to be zero, since in the limit k2 → ∞ the propagator
on the right-hand side has to fall down more rapidly than 1/k2. Thus at least one
of the residues is negative, which means that there is a ghost. Therefore, we have a
good behaviour in the UV limit, but there are also unphysical propagating degrees
of freedom.
Summarizing, Stelle gravity is a renormalizable theory of gravitation. Its renormal-
izability is proved in the Batalin-Vilkovisky formalism. The presence of a negative
residue in the propagator leads to a violation of unitarity, which is not an acceptable
feature for a physical theory. Moreover, if we try to elimitate the ghost problem
by suppressing a higher-derivative term, we go back to a nonrenormalizable theory.
Unitarity and renormalizability seems to be mutually exclusive. Nevertheless, Stelle
gravity is a good starting point to look for a quantum theory of gravitation. In par-
ticular, in chapter 6 we study a nonlocal modification of this theory, and obtain a
unitary and renormalizable version of quantum gravity.
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Chapter 5
Nonlocal Yang-Mills theory
In this chapter we study a nonlocal modification of pure Yang-Mills theory as a toy
model in view of a generalization to the case of quantum gravity, which is performed
in chapter 6. In particular, we discuss the properties that a certain nonlocal function
h(z) needs to satisfy in order to avoid the problem of ghosts and turn the theory
into a super-renormalizable one. In this approach, put forward by Tomboulis in
ref. [1], the function is chosen to be entire, with no zeros on the complex plane
and a polynomial behaviour at Im(z) → 0 and z → ∞. With the help of the
Batalin-Vilkovisky formalism, the super-renormalizability of the theory is proved.
We work out the three and four legs vertices and compute the beta function in
several cases. In the last section we try and extend the class of acceptable functions
by attempting to define nonlocal theories as limits of local ones.
5.1 Action
The action reads
SNL(A) = −1
2
∫
d4x
(
trFµνF
µν + trFµνh
(−D2Λ)F µν)
= −1
2
∫
d4x trFµν h¯
(−D2Λ)F µν , (5.1)
where h(z) is a complex function, h¯(z) = 1 + h(z), Fµν = F
a
µνT
a, T a are the
generators of the SU(N) algebra, such that
trT aT b =
1
2
δab, [T a, T b] = ifabcT c.
D2Λ = D
2/Λ2, D2 = DµD
µ is the covariant D’Alambertian in the adjoint represen-
tation, Dµ = ∂µ + ig[Aµ, ·] is the covariant derivative and Λ is a parameter with
[Λ] = 1. The gauge symmetry of this action is
Aaµ → Aaµ +Dabµ αb(x).
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As usual, the propagator is ill defined, so we add an s-exact gauge-fixing term
through a fermionic functional Ψ, such that [Ψ] = −1 and gh#(Ψ) = −1. We
introduce the field multiplet Φ ≡ (Aaµ, Ca, C¯a, Ba) and the BRST transformations
sAaµ = D
ab
µ Cb
sCa =
g
2
fabcC
aCb
sC¯a = −Ba
sBa = 0, (5.2)
The dimensions are
[Aaµ] = 1, [C
a] = 1, [C¯a] = 1, [Ba] = 2, [g] = 0.
The gauge-fixed action is
S(Φ) = SNL(A) + sΨ. (5.3)
The nonlocal version for the functional Ψ is chosen as
Ψ = −
∫
d4xC¯aw(2/Λ
2)
(
∂µAaµ +
ξ
2
Ba
)
, (5.4)
whence
sΨ =
∫
d4x
(
Baw(−2/Λ2)∂µAaµ +
ξ
2
Baw(−2/Λ2)Ba + C¯aw(−2/Λ2)∂µDabµ Cb
)
.
(5.5)
Here w(z) is a nonlocal function that will be properly chosen, in order to simplify the
propagator. From now on we will always omit the factor−1/Λ2 in every argument of
the functions. The properties of the function h(z) are chosen so that the propagator
has no ghosts. We replace B with the solution of its equation of motion
ξw(2)Ba + w(2)∂µAaµ = 0 ⇒ Ba = −
1
ξ
∂µAaµ.
Then the action becomes
S(Φ) = SNL(A) +
∫
d4x
(
C¯aw(2)∂
µDabµ Cb −
1
2ξ
(∂µAaµ)w(2)(∂
µAaµ)
)
. (5.6)
We can write the function h¯ as
h¯(D2) = h¯(2) + R(∂,A),
where R(∂,A) contains A and its derivatives. The tensor Fµν contains at least
one Aµ. Therefore, Fh¯(2)F encases the quadratic part, while FR(∂,A)F only the
vertices. Thus, the quadratic term of the action (5.1) reads
Squad(A) =
1
2
∫
d4x[(h¯(2)∂νA
a
µ)∂
µAνa − (h¯(2)∂µAaν)∂µAνa
− 1
ξ
(∂µAµ)w(2)(∂
νAaν)].
(5.7)
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Integrating by parts we get
1
2
∫
d4xAaµ
[
h¯(2)(2ηµν − ∂µ∂ν) + 1
ξ
w(2)∂µ∂ν
]
Abνδ
ab. (5.8)
The propagator is the operator D˜bcνρ that solves the equation[
h¯(2)(2ηµν − ∂µ∂ν) + w(2)
ξ
∂µ∂ν
]
δabD˜bcνρ = iδ
µ
ρ δ
(4)(x− y)δac. (5.9)
Switching to momentum space, we get[
h¯(k2)(−k2ηµν + kµkν)− w(k
2)
ξ
kµkν
]
δabDbcνρ(k) = iδ
µ
ρ δ
ac. (5.10)
The solution of this equation is
Dbcνρ(k) =
−iδac
k2 + i
[
1
h¯(k2)
(
ηνρ − kνkρ
k2
)
+
ξ
w(k2)
kνkρ
k2
]
, (5.11)
where we used the Feynman prescription. Choosing w(k2) = h¯(k2) this expression
becomes
Dacνρ(k) =
−iδac
k2 + i
(
ηνρ − (1− ξ)kνkρ/k2
h¯(k2)
)
. (5.12)
With this choice, the nonlocal propagator takes the form
DNL =
1
h¯(k2)
DYM , (5.13)
where DYM is the usual Yang-Mills propagator. Therefore, the choice of the prop-
erties of the function h¯(z) is crucial. In fact, under certain requirements, we can
obtain no degrees of freedom other than the two elicities of the gauge bosons.
5.2 Properties of the function h¯(z)
In this section we fix the properties of the function h¯(z), which reduce the class of
acceptable nonlocal theories. In particular, its asymptotic behaviour is studied, in
order to improve the propagator in the UV limit. We choose an entire function,
i.e. h¯(z) =
∞∑
i=0
anz
n, with no zeros on the complex plane. In complex analysis, the
scale growth of entire functions is characterized by their order, which is defined as
follows.
An entire function f : C → C is said to be of finite order if there exists a positive
constant k such that the inequality
max
|z|=r
|f(z)| < erk
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holds for all sufficiently large values of r. It is said to have order ρ if
er
ρ−
< max
|z|=r
|f(z)| < erρ+ ,
for sufficiently large values of r, where  is an arbitrary positive number. We are
interested in the behaviour in a region surrounding the real axis, so it is sufficient
to define the order in a conical region. Thus, we define
Mf (r, α, β) ≡ max
α≤θ≤β
|f(reiθ)|
and the order ρ(α, β) of f(z) is
ρ(α, β) = lim sup
r→∞
ln lnMf (r, α, β)
ln r
.
The improved propagator must have an asymptotic polynomial behaviour, i.e. the
function h¯(z) must have order zero. In conclusion, we require h¯(z) to be an entire
trascendental (non-polynomial) function with the following properties:
(i) h¯(z) is real and positive on the real axis and has no zeros anywhere in the
complex plane |z| <∞.
(ii) |h(z)| has the same asymptotic behaviour along the real axis ±∞.
(iii) There exists a real polynomial pγ(z) of degree γ, such that
lim
|z|→∞
|h¯(z)|
|pγ(z)| = 1, γ ∈ N
in the cones
C = {z| −Θ < arg z < Θ, pi −Θ < arg z < pi + Θ}, 0 < Θ < pi/2.
(iv) The difference ∆h(z) ≡ h¯(z)− pγ(z) is such that
lim
|z|→∞
∆h(z)
pγ(z)
zm = 0, ∀m ∈ N,
on the real axis.
We add the property (iv), which is not present in [1], but is crucial for the locality
of counterterms. In fact, as we point out in section 5.6, the function h(z) appears
in the vertices of the theory either as h¯(z), or through the incremental ratio
h(q2)− h(k2)
q2 − k2 , where q, k are four momenta, (5.14)
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or through iterated incremental ratios of incremental ratios. In terms of ∆h the
function h¯(z) can be written as
h¯(z) = pγ(z)
(
1 +
∆h(z)
pγ(z)
)
and the incremental ratio (5.14) becomes
h(q2)− h(k2)
q2 − k2 =
h¯(q2)− h¯(k2)
q2 − k2 =
pγ(q
2) + ∆h(q2)− pγ(k2)−∆h(k2)
q2 − k2
=
1
q2 − k2
[(
1 +
∆h(q2)
pγ(q2)
)
pγ(q
2)−
(
1 +
∆h(k2)
pγ(k2)
)
pγ(k
2)
]
.
(5.15)
Then, in the vertices, the incremental ratio (5.14) is multiplied by a local function
of the momenta q and k. Therefore, if property (iv) holds, we can substitute h¯(z)
with its polynomial behaviour pγ(z) in the computations of loop integrals. Thus,
the divergences are the same as those of a higher-derivative theory, which satisfies
the locality of counterterms.
We write the general expression for the function h¯(z) and then give an explicit
example, used in ref. [8]. An entire function with no zeros in the complex plane
can be written as the exponential of an entire one. From (i), we can write
h¯(z) = eH(z), (5.16)
where H is entire. Take
H(z) =
∫ Cpγ(z)
0
1− ζ(w)
w
dw, C ∈ R, (5.17)
where ζ(z) is entire and such that ζ(0) = 1, |ζ(z)| → 0 for |z| → ∞ in C. Choosing
ζ(z) = exp(−z2) and C = e− γE2 , we obtain
H(z) =
1
2
ln p2γ(z) +
1
2
Γ(0, e−γEp2γ(z)), Θ = pi/4, Re(p
2
γ(z)) > 0
where γE is the Eulero-Mascheroni constant and
Γ(a, z) =
∫ ∞
z
ta−1e−tdt
is the incomplete gamma function. This function satisfies property (iv) if pγ(z) > 0
on the real axis. In fact, in that case
lim
|z|→∞
∆h(z)
pγ(z)
zm = lim
|z|→∞
(
e
1
2
Γ(0,e−γE p2γ(z)) − 1
)
zm = 0, ∀m ∈ N,
on the real axis. More details about entire functions and the study of their order
can be found in ref. [15].
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5.3 Unitarity
In section 2.5 we have proved perturbative unitarity of non-Abelian Yang-Mills
theory. Now we extend that argument to the nonlocal theory (5.6). The gauge
fermion Ψ in the Coulomb gauge (choosing w(2) = h¯(2)) reads
Ψ =
∫
d4x C¯ah¯(2)
(
∂iAai +
ξ
2
Ba
)
, (5.18)
which gives
sΨ =
∫
d4x
(
−C¯ah¯(2)∂iDiCa −Bah¯(2)∂iAai −
ξ
2
Bah¯(2)Ba
)
(5.19)
The quadratic part of the action, after integrating B away, becomes
1
2
∫
d4xAµV
µν
NLAν =
1
2
∫
d4x(A0, Ai)
(
~k2h¯(k2) −k0kjh¯(k2)
−kik0h¯(k2) Dij
)(
A0
Aj
)
.
The quadratic matrix VNL is equal to h¯(k
2)VYM , where VYM is the quadratic matrix
of the usual Yang-Mills theory. Therefore, in this gauge the propagator still obeys
formula (5.13), where now DYM is given by formula (2.31). Indeed,
I = VNLDNL = h¯(k2)VYMDNL ⇒ DNL = 1
h¯(k2)
DYM , (5.20)
which has no poles other than the usual ones. The Fadeev-Popov ghosts have
propagator 〈
CaC¯b
〉
=
δab
~k2h¯(k2)
,
which does not propagate any physical degrees of freedom. In conclusion the theory
is still unitary and propagates 2dimG degrees of freedom.
5.4 Renormalization
We couple the operators Ri = sΦi to external sources Ki by adding the functional
SK = −
∫
d4xRiKi, Ri = sΦi, (5.21)
to the action (5.1). Then, in the Batalin-Vilkovisky formalism the total action is
defined as
Σ(Φ, K) = S(Φ) + (SK ,Ψ) + SK , (5.22)
and satisfies the master equation. In four dimension we have
[KA] = 2, [KC ] = 2, [KC¯ ] = 2, [KB] = 1. (5.23)
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gh#(KA) = −1, gh#(KC) = −2, gh#(KC¯) = 0, gh#(KB) = −1. (5.24)
We introduce the parameter ζ in front of the term ∝ FµνF µν in (5.1), as in (3.39).
Therefore, the function h¯(z) becomes h¯(z) = ζ + h(z). Assuming that the function
h¯(z) satisfies property (iv), to calculate the divergent parts of Feynman diagrams,
we can substitute h¯(z) with its asymptotic polynomial behaviour pγ(z). Thus, the
structures of the divergences are the same as those of a higher-derivative gauge
theory. For the proof of renormalizability we can choose every weight function
w(2) that has the same asymptotic polynomial behaviour ζ+pγ(2) as the function
h¯(z). Then, in the UV limit the gauge fermion is
Ψ = −
∫
d4xC¯a
[
(ζ + pγ(2)) ∂
µAaµ +
ξ
2
(ζ + pγ(2))B
a
]
, (5.25)
whence the gauge-fixing term reads
(SK ,Ψ) =
∫
d4x[Ba (ζ + pγ(2)) ∂
µAaµ +
ξ
2
Ba (ζ + pγ(2))B
a
+ C¯a (ζ + pγ(2)) ∂
µDabµ C
b].
(5.26)
Now we prove the super-renormalizability of the theory. We properly normalize
the dominant kinetic terms by using the following canonical transfomation and
parameter redefinition
Φ˜i =
Φi
Λγ
, K˜i = Λ
γKi, g˜ = Λ
γg, ζ˜ = Λ2γζ. (5.27)
The dimensions change into
[A˜] = 1− γ, [C˜] = 1− γ, [ ˜¯C] = 1− γ, [B˜] = 2− γ, [g˜] = γ,
[K˜A] = 2 + γ, [K˜C ] = 2 + γ, [K˜C¯ ] = 2 + γ, [K˜B] = 1 + γ, [ζ˜] = 2γ.
We recall a remarkable property of the action functionals. If, at tree level, an action
functional can be parametrized in the following way
X(Φ, K, g) =
1
g2
X ′(gΦ, gK), (5.28)
then its L-loop effective action can be expanded as
ΓL(Φ, K, g) = g
2(L−1)Γ′L(gΦ, gK),
where L is the number of loops. The action Σ(Φ˜, K˜, g˜) has the structure (5.28).
We have
[g˜A˜] = 1, [g˜C˜] = 1, [g˜ ˜¯C] = 1, [g˜B˜] = 2,
[g˜K˜A] = 2 + 2γ, [g˜K˜C ] = 2 + 2γ, [g˜K˜C¯ ] = 2 + 2γ, [g˜K˜B] = 1 + 2γ.
If γ > 0, then [g˜] > 0. Thus, when L is sufficiently large, the dimension [Γ′L]
becomes negative. Obviously, no local counterterm with negative dimension can be
constructed. More precisely:
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• For L = 1 we have that [Γ′1] = 0. We cannot construct any terms with
dimensions 0 and ghost number 0 involving the sources g˜K˜i, since they have
at least dimension 4 (for γ ≥ 1), apart from g˜K˜B, which does not appear in
the divergent part. Note that Γ′ can depend on K˜A only through a special
combination with ˜¯C, which reads
K˜µA − (ζ˜ + pγ(2))∂µ ˜¯C.
Since Γ′1 turns out to be K-indipendent, it does not depend on
˜¯C. Conse-
quently, it cannot even depend on C˜, since C˜ is the only surviving quantity
with gh#(C˜) 6= 0. Finally, Γ′1 = Γ′1(g˜A˜) and in particular
0 = σΓ
(1)
div = sΓ
(1)
div,
which means that Γ′1 is gauge invariant, since s acts as a gauge transformation
on A˜.
• For L ≥ 2, [Γ′2] < 0 and we have no counterterms.
Therefore, ∀γ ≥ 1 only the one-loop divergences survive. The gauge invariant
counterterm is
Γ
(1)
div(A˜) = −
(Z¯A˜ − 1)ζ˜
4
∫
d4xF aµνF
µν
a (5.29)
Note that if we increase the degree γ of the polynomial pγ(z), the one-loop di-
vergences still survive, despite the improved behaviour in the UV limit. It is not
possible to make the theory finite, but only super-renormalizable. The functional
Γ
(n+1)
n div is K˜-independent at every order. The renormalization procedure involves
no wave-function renormalization constant, but just a renormalization of the gauge
coupling.
In conclusion, the field A does not renormalize. From (3.56), we get Z¯A˜ = Zζ˜ZA˜ =
Zζ˜ and Zζ˜ = Z
−2
g˜ . The only renormalized parameter is the coupling constant. A
well-known theorem states that Zg˜ is gauge indipendent, so
∂Zζ˜
∂ξ
= 0.
Since the coefficients of the counterterms we are going to calculate must satisfy such
properties, we can make several good checks of the results we obtain.
5.5 Coupling to fermions
If we couple the gauge fields to matter, the theory is still super-renormalizable, even
if the matter action is local. In particular, we couple (5.1) to massless fermions, by
adding a Dirac term
Sf (ψ) = i
∫
d4xψ¯ /Dψ, (5.30)
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where /D ≡ γµDµ and γµ are the Dirac matrices. The action (5.30) is invariant
under the transformation ψ → Uψ, where U ∈ SU(N) and U = eigαaTa . From the
infinitesimal gauge transformation δψ ≡ εsψ of the fermionic fields, we define their
BRST transformation
sψ = igCaT aψ, sψ¯ = igψ¯CaT a. (5.31)
As usual, we introduce the sources for the fermionic BRST composite operators,
extending the functional (5.21). The dimensions and ghost numbers are (3.4) and
(3.5). The new gamma functional can be written again as∑
L≥0
ΓL(Φ˜, K˜, g˜) =
∑
L≥0
g˜2(L−1)ΓL(g˜Φ˜, g˜K˜).
If we extend the canonical transformation (5.27) so that it does not affect the
fermionic fields and their sources, then the new dimensions are
[g˜ψ] = [g˜ψ¯] =
3
2
+ γ, [g˜Kψ] = [g˜Kψ¯] =
3
2
+ γ.
Therefore, we have again the following cases:
• for L = 1, the fermionic fields and the sources Kψ, Kψ¯ need to be paired,
because their spinorial indices have to be saturated. Therefore, we cannot
construct any counterterm that involves fermionic fields and sources, since
they have at least dimension 5/2 (γ ≥ 1). However, the new vertex gψ¯ /Aψ
gives a new divergent one-loop diagram
which contributes to the parameter redefinition Zζ˜ . Thus, at one-loop the
only counterterm is still of the form (5.29).
• For L ≥ 2, [Γ′L] < 0 and no divergent terms exist.
In conclusion, ∀γ ≥ 1 the theory is still super-renormalizable and only the one-loop
divergences survive. Furthermore, the unitarity condition of the theory also holds,
since it does not depend on the gauge.
5.6 Vertices of the theory
Nonlocal theories have infinitely many vertices containing the gauge fields. However,
we know that only some one-loop divergences survive. The only digrams that
contribute to the counterterm (5.29) are
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In this section we compute the expression of the three leg vertex, while the four leg
vertex is left to the appendix. The results we obtain are valid for every analytic
function h(z) =
∞∑
r=0
arz
r. We can fix a0 = 0 since the constant a0 can be included
in the Yang-Mills action through a parameter redefinition.
Before proceeding we note that the contribution of the last diagram in the picture is
the same as in usual Yang-Mills theory. The ghost vertex and the ghost propagator
of the nonlocal theory can be written (in matrix notation) as
V ghNL(p) = h¯(p
2)V ghYM , D
gh
NL(p) =
1
h¯(p2)
DghYM ,
where V ghYM and D
gh
YM are respectively the vertex and the proagator of ghosts of the
usual Yang-Mills theory. We can see that in the one-loop integral I(p) the nonlocal
functions cancel out. Indeed,
I(p) =
∫
d4q
(2pi)4
V ghNL(p+ q)D
gh
NL(p+ q)D
gh
NL(q)V
gh
NL(q)
=
∫
d4q
(2pi)4
V ghYM(p+ q)D
gh
YM(p+ q)D
gh
YM(q)V
gh
YM(q).
(5.32)
We will add its contribution at the end.
The general expression of the N -leg vertex is (omitting spacetime and group indices)
VN =
∑
{ni}
trF (n1)v(n2)F (n3),
where the index (ni) means that we take ni A-legs and the sum on the numbers n1,
n2, n3 is such that n1 + n2 + n3 = N . The covariant D’Alambertian in components
is
Dabµ D
µ
bdE
d = (2δad − gfadc∂µ(Aµc ·)− gfadcAµc∂µ + fabcfbdeAµcAµe)Ed,
where Ed are generic fields. In the computation of v(n) we have to sum all the
combinations out of which we can extract A legs. For this purpose, we define the
operators D1 and D2 as the parts of the covariant D’Alambertian that contain one
and two gauge fields A, respectively. Every contribution we are interested in is of
the form
2 . . . Di . . .2 . . . Dj . . .2 i, j = 1, 2.
where the insertion of Di depends on the number of legs of the vertex that we are
going to compute. Choosing N = 3 we have
V3 = trF
(1)v(1)F (1) + trF (2)v(0)F (1) + trF (1)v(0)F (2)
= trF (1)v(1)F (1) + 2trF (2)v(0)F (1).
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Here, v(0) is simply
v(0) =
∞∑
r=0
ar
(
−D
2
Λ2
)r ∣∣∣
A=0
= h
(
− 2
Λ2
)
,
while using the Di operators v
(1) is just
v(1) =
∞∑
r=0
ar
r−1∑
j=0
2r−1−jD12j. (5.33)
From now on we will omit the coefficients ar and the sum over r. We also have to
consider that each 2 can act on both the fields A(x) and A(y) (respectively inside
v and F ) or only on the field A(y). Then, we write
F (1)v(1)F (1) =
r−1∑
j=0
F (1)
(
− 2
Λ2
)r−1−j
D1
(
− 2
Λ2
)j
F (1).
The operator
(− 2
Λ2
)r−1−j
, inside the sum, acts on every field to its right. We can
integrate by parts without getting any minus signs, which gives
F (1)v(1)F (1) =
r−1∑
j=0
[(
− 2
Λ2
)r−1−j
F (1)
]
D1
[(
− 2
Λ2
)j
F (1)
]
.
Explicitely, the part inside the sums is
− g
Λ2
fabc
[(
− 2
Λ2
)r−1−j
F (1)bµν
]
[(∂ρA
ρc) + 2Aρc∂ρ]
[(
− 2
Λ2
)j
F (1)µνa
]
.
If D1 carries momentum q, F
(1)µν
a carries momentum p and F
(1)b
µν carries momentum
k, then the sum is
F (1)v(1)F (1) = i
2g
Λ2
fabc
r−1∑
j=0
[
(qρ + 2pρ)(pkηµν − kµpν)
(
k2
Λ2
)r−1−j (
p2
Λ2
)j]
AaµA
b
νA
c
ρ
where pk = pσk
σ. The part of the sum that depends on j is(
k2
Λ2
)r−1 [ r−1∑
j=0
(
p2
k2
)j]
,
which is just a truncated geometric sum
m∑
n=0
λn = 1−λ
m+1
1−λ with λ =
p2
k2
. We obtain
(
k2
Λ2
)r−1 1−
(
p2
k2
)r
1−
(
p2
k2
)
 = [(k2/Λ2)r − (p2/Λ2)r
k2/Λ2 − p2/Λ2
]
.
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Summing over r, remembering the factor −1
4
and multiplying by i, the vertex func-
tion becomes
W µνρabc (p, k, q) =
g
2Λ2
fabc(qρ + 2pρ)(pkηµν − kµpν)
(
h(k2/Λ2)− h(p2/Λ2)
k2/Λ2 − p2/Λ2
)
.
The term 2F (2)v(0)F (1), plus the contribution from the usual Yang-Mills action
∝ F aµνF µνa , gives
2F (2)(1 + h(2))F (1) = 4gfdabAaµA
b
ν(1 + h(2))∂
µAνd.
The contribution to the vertex, in momentum space, becomes
Uµνρabc (p, k, q) = gf
abcqµgνρ(1 + h(q2)).
Finally, the total three leg vertex V is
V µνρabc (p, k, q) = W
µνρ
abc (p, k, q) + U
µνρ
abc (p, k, q) + perm.
It is worth to note that all the vertices are linear combinations of terms of the form
Vµ1...µi(p1, . . . , pi) = Tµ1...µi(p1, . . . , pi)
h(p2k)− h(p2j)
p2k − p2j
(5.34)
where i = 3, 4, pm are the momenta of the external legs and T is a local function
of pm. Thanks to a lucky resummation, the vertex depends on the function h only
through the incremental ratio, rather than the derivative. We used these results for
explicit computations in several cases.
5.7 Beta function
The relation between the bare and renormalized actions of a massless theory is
SB(ΦB, KB, αB) = SR(Φ, K, α, µ), (5.35)
where all the bare quantities are written in terms of the renormalized ones through
the renormalization constants. In the framework of the dimensional regularization
the renormalized coupling α is defined to be dimensionless. This is achieved by
multiplying αB by a suitable power of the scale µ and the renormalization constant
Zα:
αB = µ
εαZα(α, ). (5.36)
We define the “hatted” beta function as
βˆα ≡ µdα
dµ
,
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where the derivative µ d
dµ
is at fixed bare quantities. Since at the tree level αB = µ
α,
we can write βˆα = −α +O(α2). Hence, a more convienient definition of the beta
function is given by subtracting the tree level contribution:
βα(α, ) ≡ βˆα(α, ) + α. (5.37)
Since the bare coupling constant is µ-independent, we have
0 = µ
dαB
dµ
= µ
∂αB
∂µ
+ µ
∂αB
∂α
dα
dµ
= µαZα + µ
βˆαα
dZα
dα
+ µβˆαZα,
(5.38)
whence
d lnZα
dα
= − βα
α(βα − α) . (5.39)
Equation (5.39) gives the beta function in terms of Zα:
βα =
εα2 d lnZα
dα
1 + αd lnZα
dα
. (5.40)
In order to describe how α changes with respect to the energy scale µ, we define
the running coupling constant as the solution of the first order differential equation
dα˜(α, t)
dt
= −βˆα(α˜), α˜(α, 0) = α, (5.41)
where t ≡ ln |x− y|µ. At one loop, we can solve (5.41) by replacing βα = β1α2 +
O(α2). At ε = 0, we get∫ t
0
dt′ = −
∫ α˜(α,t)
α
dα′
β1α′2
⇒ α˜(α, t) = α
1 + β1αt
. (5.42)
In the case of a gauge coupling α = g2 > 0. If β1 < 0 the theory is said to be
asymptotically free, since at high energy α˜ is small and the theory can be treated
perturbatively.
Now we want to compute the renormalization constant Zζ and the beta function βg
of nonlocal Yang-Mills theories. As we noted before, the renormalization constant
of the parameter ζ is related to the renormalization constant of the gauge coupling
through Zζ = Z
−2
g , since the field A does not renormalize. With the help of a Math-
ematica program, we performed the computation for pN(z) = z
N , with N ∈ N+.
We found the following results:
Zζ =

1 + 19g
2
12pi2
C2(G), N = 1
1 + (5+3N+12N
2)g2
24pi2
C2(G), N ≥ 2
, (5.43)
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where C2(G) is the quadratic Casimir of the gauge group G. From (5.40) we can
extract the beta function, which turns out to be
β(N)g =

− 19g3
12pi2
C2(G), N = 1
− (5+3N+12N2)g3
24pi2
C2(G), N ≥ 2
(5.44)
Since it is negative ∀N ∈ N, we conclude that in every case the theory is asymptot-
ically free. We want to stress that, as a consequence of super-renomalizability, only
the one-loop divegences survive. Therefore, the beta function is one-loop exact,
βα = β1α
2,
since there are no contributions from diagrams with L > 1.
As a check of the expressions of the vertices and the beta functions, we performed
the computation using the vertices that are found by putting pγ(z) directly in the
action (5.1). The computations for the cases pγ(z) = z, z
2, z3 gave the results
β2g = −
19g3
12pi2
C2(G); (5.45)
β2
2
g = −
59g3
24pi2
C2(G); (5.46)
β2
3
g = −
61g3
12pi2
C2(G). (5.47)
in agreement with the general formula (5.44).
5.8 Exponential functions
In this chapter we started by analizing general nonlocal actions for gauge theories.
Then, we imposed certain properties in order to obtain perturbative unitarity and
super-renormalizability. Unfortunately, the functions that satisfy such properties
are hard to work with. It would be nice if we could include simpler functions. In
this section, we consider the exponentials, inspired by some usues of these functions
made in refs. [16], [17], [18].
First of all, we exclude a priori all the exponentials with a odd power of the
D’Alambertian in the exponent, i.e.
h¯(2) = e±(2/Λ
2)2n+1 , n ∈ N. (5.48)
In momentum space, the functions (5.48) would generate odd powers of the squared
momentum, which can be both a spacelike vector and a timelike vector. Therefore,
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the loop integrals contain exponentials that decrease for p2 → ±∞ and increase for
p2 → ∓∞, making it difficult to control their UV behaviour. Hence, we make only
use of even powers of 2. Consider a scalar φ4-theory with a nonlocal kinetic term,
such as
S(φ) =
∫
d4x
(
1
2
∂µφe
22/Λ4∂µφ+
λ
4!
φ4
)
(5.49)
The vertex remains V4 = iλ, while the proagator is modified. In momentum space
it reads
D(p) =
ie−(p
2)2
p2 + i
. (5.50)
Thus, the integrands of all loop integrals have increasing exponentials in the de-
nominators. For instance, a one-loop integral is
I(p) =
∫
d4q
(2pi)4
λ2e−(q
2)2e−(p+q)
22
q2(p+ q)2
,
which does not generate any divergences. The theory is finite.
The main objection commonly raised to nonlocal quantum field theories is that by
relaxing the assumption of locality “everything might be allowed”. This is true for
theories whose kinetic term is not related to the vertices. If we consider a gauge
theory, as we have done in this chapter, the presence of covariant derivatives relates
the kinetic term and the vertices, reducing the possible choices for the nonlocal
sector. In the theories that we have studied so far, we had to impose the proper-
ties (i)- (iv), which are not satisfied by the exponentials. Nevertheless, a successful
implementation of the exponentials could simplify the study of nonlocal theories.
For this reason, we try to include them by defining a nonlocal theory as a limit of
a local one.
We consider an action functional of the form (5.1). In order to include the expo-
nentials through a local theory, our choices are to start with
h¯(z) =
N∑
n=0
(z2)n
n!
, h¯(z) =
(
1 +
z2
N
)N
, (5.51)
and take the limit N →∞ after the computations. In particular, we want to study
the dependence of the beta function on N . In both cases we have a polynomial
higher-derivative theory of degree 2N , which has ghosts. In the first case, it is not
easy to have control on the behaviour of the zeros when we increase N . For this
reason, we choose the second case, where it is clear that the ghosts are moved to
infinity for N →∞. The results for N > 1 are:
Zζ = 1 +
(5 + 3N¯ + 12N¯2)g2
24pi2
C2(G), βg = −(5 + 3N¯ + 12N¯
2)g3
24pi2
C2(G), (5.52)
where N¯ = 2N . The beta function diverges for N →∞. We conclude that it is not
possible to include the exponential in our class of functions.
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Note that this result is the same as for the case pN¯(z) = z
N¯ . If we make the
computation for the general case
h¯(z) =
(
a+ b
z2
N
)N
, a, b ∈ R, (5.53)
we still find the same results. Our explanation is as follows. The divergences do not
depend on a since a appears only in the terms that are subleading in the momenta.
They do not depend on b, because the dependences on b of the vertices are canceled
by those of the propagators. This last statement is a particular feature of one-loop
diagrams.
However, by defining a ’t Hooft coupling it is possible to make the beta function
finite. Consider the coupling
g¯ = gN¯. (5.54)
From the definition (5.37), the beta function gets a factor 1/N¯ , while the right-hand
side of (5.52) gets a factor 1/N¯3. This gives
βg¯ = −
(
5
N¯2
+
3
N¯
+ 12
)
g¯3
24pi2
C2(G)
N¯→∞−−−→ βg¯ = − g¯
3
2pi2
C2(G). (5.55)
We can define a “large N¯ limit” in the number of derivatives, in analogy with the
1/Nc expansion [19] used in QCD-like theories, where Nc is the number of “ colors”.
In this way we are able to make the beta functions convergent. However, such a
convergence is reached only in a limit whose interpretation is unclear. In fact, in the
limit N →∞ the nonlocal theory is free. The local theory with h¯(z) =
(
1 + z
2
N
)N
can be viewed as an expansion around the nonlocal one. However, when N < ∞,
the problem of ghosts reappears.
Summarizing, the exponential functions cannot be included, since they do not sat-
isfy the Tomboulis conditions. Any attempt to define nonlocal theories, such as the
exponentials, as limit of local ones fails. These results show us that very restrictive
conditions are imposed on the class of nonlocal functions in gauge theories.
In the next chapter we study a similar nonlocal modification of the Stelle theory,
obtaining a unitary super-renormalizable quantum theory of gravity.
5.9 Appendix
We illustrate here the computation of the four leg vertex of the nonlocal theory
(5.1). First of all, we note that there are several types of contributions to this
vertex. Using the same notation as in section 5.6, we have
V4 =F
(2)F (2) + F (2)v(1)F (1) + F (1)v(1)F (2) + F (2)v(0)F (2)
+ F (1)v
(2)
AAF
(1) + F (1)v
(2)
∂A∂AF
(1),
(5.56)
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where in the last two terms v
(2)
AA and v
(2)
∂A∂A denote the vertices where two legs are
taken from one box and one leg from each box, respectively. In every computation
we use the analytic expansion of the function h and the formula of the truncated
geometric sum, which are
h(z) =
∞∑
r=0
arz
r,
m+1∑
n=0
λn =
1− λm+1
1− λ ,
respectively. For every term we omit the summation over the permutations of the
momenta and the multiplication by the factor −1/4. The momenta are related to
the indices in the following way:
Aaµ(p), A
b
ν(k), A
c
ρ(q), A
d
σ(l).
The contribution to (5.56) is trivially derived from Yang-Mills theory and reads
F (2)F (2) = g2fabefecdg
µρgνσAaµA
b
νA
c
ρA
d
σ. (5.57)
The second term comes from
F e(2)µν
r−1∑
j=0
(
− 2
Λ2
)r−1−j
Dde1
(
− 2
Λ2
)j
F µνd(1) =
− 2g
2
Λ2
fabefecd
r−1∑
j=0
(
− 2
Λ2
)r−1−j
(AaµA
b
ν)(∂
ρAcρ + 2A
c
ρ)
(
− 2
Λ2
)j
∂µAνd,
(5.58)
where in the second step we have integrated by parts r − 1 − l times. Let us note
that a single box acts on a product of fields A and B in the following way
2(AB) = 2AB + 2∂αA∂
αB + A2B.
For a squared box we have
22(AB) = 2(2AB) +2(2∂αA∂
αB) +2(A2B)
and so on for every powers of box. Therefore, if A and B carry momentum p and
q, respectively, switching to momentum space, we obtain
(−2)n(AB) → (p2 + 2pq + q2)n(AB).
Using this fact in (5.58), we get
r−1∑
j=0
(
p2 + 2pk + k2
Λ2
)r−1−i(
l2
Λ2
)j
(qρ + 2lρ)lµηνσ =
Λ2
(
(p
2+2pk+k2
Λ2
)r − ( l2
Λ2
)r
p2 + 2pk + k2 − l2
)
(qρ + 2lρ)lµηνσ.
(5.59)
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Thus, the second contribution to (5.56) reads
F (2)v(1)F (1) = 2g2fabefecd(q
ρ + 2lρ)lµηνσ
(
h(p2 + 2pk + k2)− h(l2)
p2 + 2pk + k2 − l2
)
AaµA
b
νA
c
ρA
d
σ.
(5.60)
With the same procedure, it is straightforward to compute the rest. Finally, the
total four leg vertex is
V4
abc
µνρσ(p, k, q, l) = g
2fabefecd (η
µρηνσ+
2
(
(qρlµ + 2lρlµ)ηνσ
(
h(p2 + 2kp+ k2)− h(l2)
p2 + 2kp+ k2 − l2
)
+
pρ(kν + 2qν + 2lν)ηµσ
(
h(q2 + 2ql + l2)− h(p2)
q2 + 2ql + l2 − p2
)
+
1
2
ηµρηνσh(q2 + 2ql + l2) + (plηµσ − pσlµ)ηνρ
(
h(p2)− h(l2)
p2 − l2
)
+
(plηµσ − lµpσ)(kν + 2lν)(qρ + 2kρ + lρ)p2
p2 − (k2 + 2kl + l2)
[
1
p2 − l2
(
h(p2)
p2
− h(l
2)
l2
)
− 1
(k2 + 2kl + l2)− l2
(
h(k2 + 2kl + l2)
k2 + 2kl + l2
− h(l
2)
l2
)
k2 + 2kl + l2
p2
]))
+ perm.
(5.61)
Chapter 6
Nonlocal Gravity
In this chapter we study an extension of the Stelle higher-derivative gravity, that
involves the entire trascendental functions introduced in [1]. We already showed
in chapter 4 that the Stelle theory is power counting renormalizable. However, it
violates the unitary condition, due to the presence of a ghost. The extended theory
is ghost-free, in the same way as the nonlocal Yang-Mills theory (5.1) is, because
it does not propagate any degrees of freedom other than the graviton. Following
the same steps as in chapter 5, we formulate the theory in the Batalin-Vilkovisky
formalism and prove its super-renormalizability. In the final sections we work out
the dependence of the counterterms on the degree γ, for the cases of pure gravity
and gravity coupled with scalar matter.
6.1 Nonlocal Action
We consider a generalization of the action (4.1), given by
SNL(g) = − 1
2κ2
∫
d4x
√−g [cR + aRµνRµν +RµνH2(−∇2Λ)Rµν
+bR2 +RH0(−∇2Λ)R + 2ΛC
]
,
(6.1)
where ∇µ is the covariant derivative, ∇2Λ ≡ ∇2/Λ2, ∇2 = ∇µgµν∇ν and ΛC is the
cosmological constant. From now on we will just write ∇2 in the argument of the
functions. We expand the inverse metric around the Minkowsky background, as
usual,
gµν = ηµν +
√
2κφµν . (6.2)
The BRST symmetry is given in formula (4.3). The factor
√
2κ in the expansion
ensures that the dominant kinetic term is already properly normalized. We choose
a nonlocal version of the fermionic functional (4.5), that is to say
Ψ = −
∫
d4xC¯νw(2)
(
∂µφ
µν +
ξ
2
Bν
)
, (6.3)
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where w(2) is a nonlocal weight function, that will be properly chosen. The gauge-
fixing term reads
sΨ =
∫
d4x
(
C¯νw(2)∂µD
µν
α C
α − ξ
2
Bνw(2)B
ν −Bνw(2)∂µφµν
)
. (6.4)
The BRST invariant gauge-fixed action is
S(Φ) = SNL(φ) + sΨ, (6.5)
where the multiplet Φ collects the graviton, the ghosts Cµ, the antighosts C¯µ and
the Lagrange multipliers Bµ. The mass dimensions are
[φ] = 0, [C] = 0, [C¯] = 0, [B] = 1, [κ] = 0,
[a] = 0, [b] = 0, [c] = 2, [ΛC ] = 4.
We substitute Bν with its equation of motion in the gauge-fixing term,
ξw(2)Bν + w(2)∂µφ
µν = 0 ⇒ Bν = −1
ξ
∂µφ
µν ,
which gives
sΨ =
∫
d4x
(
1
2ξ
(∂µφ
µν)w(2)(∂ρφρν) + C¯νw(2)∂µD
µν
α C
α
)
. (6.6)
From (4.11) we can easily write the expression of the new propagator, by making
the replacements
a→ a+H2(k2), b→ b+H0(k2), ξ → ξk
2
w(k2)
.
We obtain
Dµνρσ(k
2) =
i
k2 + i
[
2P
(2)
µνρσ
c− ak2 −H2k2 −
P
(0)
µνρσ
6bk2 + 6H0k2 + 2ak2 + 2H2k2 + c
− ξ
w(k2)
(2P (1)µνρσ + P¯
(0)
µνρσ)
]
.
(6.7)
We can see that both the nonlocal functions H0 and H2 appear in the denominator
of the scalar projector P
(0)
µνρσ. We can decouple the functions in the denominator by
redefining the function H0. This is performed by the replacement
H0(∇2)→ H0(∇2)− 1
3
a− 1
3
H2(∇2).
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The propagator turns into
Dµνρσ(k
2) =
i
k2 + i
[
2P
(2)
µνρσ
c− ak2 −H2(k2)k2 −
P
(0)
µνρσ
6bk2 + 6H0(k2)k2 + c
− ξ
w(k2)
(2P (1)µνρσ + P¯
(0)
µνρσ)
] (6.8)
Then, the action (6.1) becomes
SNL =− 1
2κ2
∫
d4x
√−g
[
cR + a
(
RµνR
µν − 1
3
R2
)
+
(
RµνH2(∇2)Rµν − 1
3
RH2(∇2)R
)
− bR2 +RH0(∇2)R + 2ΛC
]
.
(6.9)
Finally, we define the new functions
F (k2) ≡ c− ak2 −H2(k2)k2,
G(k2) ≡ 6bk2 + 6H0(k2)k2 + c,
(6.10)
so the propagator reads
Dµνρσ(k
2) =
i
k2 + i
[
2P
(2)
µνρσ
F (k2)
− P
(0)
µνρσ
G(k2)
− ξ
w(k2)
(2P (1)µνρσ + P¯
(0)
µνρσ)
]
. (6.11)
The propagator of the ghosts follows straightforwardly from (4.12):
〈
CµC¯ν
〉
=
i
k2 + i
(
δµν − kµkν/2k2
w(k2)
)
. (6.12)
6.2 Properties of the functions F (z) and G(z)
We require the same properties of the function h¯(z) for both F (z) and G(z), in
order to obtan perturbative unitarity and super-renormalizability. They have to be
entire trascendental functions
F (z) =
∞∑
n=0
af,nz
n, G(z) =
∞∑
n=0
ag,nz
n (6.13)
and satisfy the following properties:
(i) F (z), G(z) are real and positive on the real axis and have no zeros anywhere
in the complex plane |z| <∞.
(ii) |H2(z)| and |H0(z)| have the same asymptotic behaviours along the real axis
±∞.
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(iii) There exist two polynomials pγ0(z) and pγ2(z) such that
lim
|z|→∞
|F (z)|
|pγ2(z)|
= lim
|z|→∞
|G(z)|
|pγ0(z)|
= 1, γi ∈ N, i = 0, 2
in the cones
C = {z| −Θ < arg z < Θ, pi −Θ < arg z < pi + Θ}, 0 < Θ < pi/2,
(iv) The differences ∆F (z) ≡ F (z)−pγ2(z) and ∆G(x) ≡ G(z)−pγ0 are such that
lim
|z|→∞
∆F (z)
pγ2(z)
zm = lim
|z|→∞
∆G(z)
pγ0(z)
zm = 0, ∀m ∈ N,
on the real axis.
Observe that, if we choose pγ2(z) = pγ0(z) = pγ(z) and w(z)
|z|→∞−−−−→ pγ(z), then the
propagator (6.11) in the UV limit turns into
Dµνρσ(k
2) =
i
(k2 + i)pγ(k2)
[
2P (2)µνρσ − P (0)µνρσ − ξ(2P (1)µνρσ + P¯ (0)µνρσ)
]
, (6.14)
which is proportional to the Einstein propagator (2.27). In matrix notation,
DNL(k
2) =
1
pγ(k2)
DE, (6.15)
where DE is the Einstein propagator, up to a factor 2κ
2 due to the different expan-
sion (6.2).
6.3 Unitarity
We prove the perturbative unitarity of the theory by computing the propagator
(6.11) in the Prentky gauge. Imposing
∂iφ
iν = 0, i = 1, 2, 3, (6.16)
the quadratic part in the field Φ becomes
S|φφ = 1
2
∫
d4xφµν
[
k2
2
F (k2)P (2)µνρσ − k2G(k2)P (0)µνρσ
]
≡ 1
2
∫
d4xφ˜TVNLφ˜,
(6.17)
where φ˜ = {00, 01, 02, 11, 12, 22}. Switching to momentum space, we rotate to have
k1 = k2 = 0. The gauge condition (6.16) becomes
φ3ν = 0.
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As in chapter 2, we use the Euclidean signature and k2 = k24 + k
2
3, where k4 = ik0.
The inverse V−1NL = DNL reads
DNL =

(4G−F )k2
3FGk43
0 0 − F+2G
3FGk23
0 − F+2G
3FGk23
0 1
Fk23
0 0 0 0
0 0 1
Fk23
0 0 0
− F+2G
3FGk23
0 0 4G−F
3FGk2
0 − F+2G
3FGk2
0 0 0 0 1
Fk2
0
− F+2G
3FGk23
0 0 − F+2G
3FGk2
0 4G−F
3FGk2

, (6.18)
which has poles only in the subspace S = {11, 12, 22}, which is the one related to
the propagator of the physical components. As in the case of the Einstein theory,
we diagonalize the matrix of the residues, in order to count the physical degrees of
freedom. Here, F (k2) and G(k2) have no zeros in the complex plane. From (6.13)
and the definition of the functions (6.10), we have F (0) = G(0) = c. Thus, the
matrix of the residues reads
(k2DNL|S)k2=0 = 1
c
 1 0 −10 1 0
−1 0 1
→ 1
c
 2 0 00 1 0
0 0 0
 , (6.19)
which is positive-definite and proportional to the matrix (2.36). It is easy to com-
pute the expression of the ghost propagator. The quadratic part of the action of
the ghost fields is
Squad
CC¯
=
1
2κ2
∫
d4xC¯νw(2)(∂i∂
iCν + ∂i∂
νCi)
≡ − 1
2κ2
∫
d4x C¯µ(VNLgh )µνCν .
(6.20)
Switching to momentum space and rotating to have k1 = k2 = 0 we get
VNLgh = w(k2)Vgh ⇒
(
VNLgh
)−1
=
1
w(k2)
V−1gh , (6.21)
where Vgh is the matrix (2.38). The ghosts do not have propagating degrees of
freedom, as long as w(k2) has no zeros on the complex plane. Therefore, the theory
is unitary and has no pole other than the Einstein graviton.
6.4 Renormalization
In order to prove the renormalizability of this theory we choose functions that satisfy
all the above requirements and have the following polynomial behaviours in the UV
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limit:
F (z) → c− az − zp(F )γ2 (z) (6.22)
G(z) → 6bz + 6zp(G)γ0 (z) + c (6.23)
w(z) → z + p(w)γw (z). (6.24)
Here, w(z) is chosen as a function of the standard D’Alambertian 2, instead the co-
variant one, since it appears only in a s-exact term. Our proof holds for γ2 = γ0 ≡ γ
and γw ≤ γ. However, we can set p(F )γ2 = p(G)γ0 = p(w)γw = pγ without loss of generality,
since all our statements depend only on the dominant kinetic term.
We add the functional SK and obtain total action
Σ(Φ, K) = SNL(φ) + (SK ,Ψ) + SK
Then, we perform the following canonical transformation and parameter redefinition
Φ˜i =
1
Λγ
Φi, K˜i = Λ
γKi, κ˜ = Λ
γκ (6.25)
a˜ = Λ2γa, b˜ = Λ2γb, c˜ = Λ2γc, Λ˜C = Λ
2γΛC .
In these variables, we can parametrize the total action Σ(Φ˜, K˜, κ˜) and its L-loop
effective action ΓL(Φ˜, K˜, κ˜) as
Σ(Φ˜, K˜, κ˜) =
1
κ˜2
Σ(κ˜Φ˜, κ˜K˜) ⇒ ΓL(Φ˜, K˜, κ˜) = κ˜2(L−1)ΓL(κ˜Φ˜, κ˜K˜). (6.26)
The dimensions become
[κ˜φ˜] = 0, [κ˜C˜] = 0, [κ˜ ˜¯C] = 0, [κ˜B˜] = 1,
[κ˜K˜φ] = 3 + 2γ, [κ˜K˜C ] = 3 + 2γ, [κ˜K˜C¯ ] = 3 + 2γ, [κ˜K˜B] = 2 + 2γ.
Since the property (iv) holds for both F and G, we can substitute their polynomial
behaviours in the computation of UV divergences. Therefore, from the point of
view of renormalization, the nonlocal theory is equivalent to a polynomial higher-
derivative theory. The effective action of this theory has properties similar to those
of the Yang-Mills one. It is linear in Ki by power counting. In particular, it does not
depend on KB, KC¯ (apart from Σ), since there is no way to construct one-particle
irreducible diagrams involving these sources. Moreover, it depends on Kφ and the
antighosts C¯µ only through the linear combination
Kφµν − w(2)∂µC¯ν . (6.27)
The remaining sources have at least dimensions 5 (γ ≥ 1) and there are no terms
with negative dimensions. We conclude that the renormalized action does not
depend on the sources at all. This yields to exclude the dependence on both the
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ghosts and the antighosts. In fact, without Kφ there is no C¯ dependence, because
of the combination (6.27). This implies that no quantities with negative ghost
number survive, so we must also exclude the ghosts. Moreover, we can exclude the
dependence on the Lagrange multiplier Bµ, since it appears only quadratically in
the action and no one-particle irreducible diagram involving Bµ can be constructed.
Finally, the (n+1)-loop divergent part of the functional Γ renormalized up to order
~n can be written as
Γ
(n+1)
n div (κ˜φ˜) =
∫
d4xGn+1(κ˜φ˜), (6.28)
where G is a local function. From the condition σΓn div = 0 we infer that Γ(n+1)n div is
gauge invariant. From (6.26), we can see that the dimension [G] decreases with the
number of loop L. If it becomes negative then no conterterms are allowed.
We present here several cases in order to work out a general relation between
the polynomial degree and renormalization. We fix the degree γ and then list all
the potential counterterms as the number of loop increases.
• γ = 1
L = 1, [G] = 4, G: √−gR,√−gR2, √−gRµνRµν ,√−g
L = 2, [G] = 2, G: √−gR, √−g
L = 3, [G] = 0, G: √−g
L ≥ 4, [G] < 0, No counterterms
• γ = 2
L = 1, [G] = 4, G: √−gR,√−gR2, √−gRµνRµν ,√−g
L = 2, [G] = 0, G: √−g
L ≥ 3, [G] < 0, G: No counterterms
• γ ≥ 3
L = 1, [G] = 4, G: √−gR,√−gR2, √−gRµνRµν ,√−g
L ≥ 2, [G] < 0, G: No counterterms.
We conclude that the theory is super-renormalizable ∀γ ≥ 1. In particular, for
γ ≥ 3 only one-loop divergences survive. Note that with the same argument of
chapter 4, we can include the case γ = 0, which is a nonlocal theory whose UV
limit is Stelle gravity. Therefore, the divergences of the theory are the same as
those of the Stelle theory.
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6.5 Coupling to matter
In this section we prove that super-renormalizability still holds if we couple gravity
to scalar matter. We add
Ss(ϕ) =
∫
d4x
√−g
(
1
2
∂µϕ∂νϕg
µν − 1
2
m2ϕ2
)
, (6.29)
to (6.1), where ϕ is a real scalar field and m2 is a positive real parameter with
[m] = 1. Under infinitesimal diffeomorphisms we have
ϕ(x)→ ϕ(x) + δϕ(x) ≡ ϕ(x) + ξµ∂µϕ(x). (6.30)
From the infinitesimal variation δϕ ≡ εsϕ of ϕ, we define the BRST transformation
as
sϕ = Cµ∂µϕ. (6.31)
Then, the total action Σ, the functional SK and the field multiplet Φ are straight-
fowardly extended, by adding the scalar field ϕ and the sources Kϕ. The dimensions
and ghost numbers are
[ϕ] = 1, gh#(ϕ) = 0, [Kϕ] = 2, gh#(Kϕ) = −1.
If we extend the canonical transformation (6.25) so that it leaves the scalar field
and the source Kϕ unchanged, then the new dimensions become
[κ˜ϕ] = 1 + γ, [κ˜Kϕ] = 2 + γ (6.32)
Following the same guidelines of the previous section, we note that the L-loop
effective action can be written as
ΓL(Φ˜, K˜, κ˜) = κ˜
2(L−1)ΓL(κ˜Φ˜, κ˜K˜). (6.33)
Observe that κ˜Kϕ has, at least, dimension 3 (for γ ≥ 1). Therefore, the countert-
erms depend only on the physical fields. Hence, we can write
Γ
(n+1)
n div (κ˜φ˜, κ˜ϕ) =
∫
d4xGn+1(κ˜φ˜, κ˜ϕ). (6.34)
Besides the counterterms of the previous section, we have:
• γ = 1
L = 1, [G] = 4, G: √−gϕ2.
L ≥ 2, [G] = 2, G: No counterterms depend on ϕ.
• γ ≥ 2
L = 1, [G] = 4, G: √−gϕ2.
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L ≥ 2, [G] = 0, G: No counterterms depend on ϕ.
The case γ = 0 (Stelle gravity) is particular. In fact, the structure of the divergences
is not as in (6.34), but can contain the sources Ki inside a σ-exact term. In this
case, the counterterms that depend on the scalar field ϕ inside the σ-closed term
G¯n+1, in formula (4.29), are
• γ = 0
∀L ≥ 1, [G¯] = 4, G¯: √−g∂µϕ∂νϕgµν , √−gϕ2.
Moreover, it should be noted that (for γ = 0) the counterterm∫
d4x
√−gRϕ2 (6.35)
is not included. From (6.29), we know that the scalar field ϕ always comes together
with a derivative or with a factor m. Therefore, when an external ϕ leg appears
in a diagram it carries a factor m or a derivative. Hence, the divergences must be
proportional to ∂ϕ or mϕ. If we add an interaction for the scalar field, for example
ϕ4, then we need to add the non-minimal coupling (6.35) both in the original action
and in the potential counterterms.
In conclusion, if we keep the nonlocality encased in the gravitational sector, we
can coulple scalar matter to gravity and the theory is still super-renormalizable and
unitary.
This gives us a concrete possibility to couple the Standard model to nonlocal grav-
ity. There, a more phenomenological investigation could suggest some detectable
effects of quantum gravity.
70 Nonlocal Gravity
Chapter 7
Conclusions
In this thesis we have explored a new approach to the problem of the quantization
of gravity. It is based on the idea, put forward by Tomboulis in 1997, that quan-
tum gravity can be formulated as a nonlocal quantum field theory. The graviton
propagator is modified by the presence of two nonpolynomial functions that must
satisfy specific requirements. In particular, they must be entire, have no zeros on
the complex plane and tend to polynomials at high energies. The modified graviton
propagator only has two poles at k2 = 0, with positive residues, which means that
the theory just propagates the two graviton elicities.
Most tools and techniques that are commonly used in local quantum field the-
ory can be generalized strainghtforwardly. Among other things, we proved that
if the nonlocal functions satisfy an additional requirement, besides those listed by
Tomboulis, the divergent parts of all diagrams are local. This is a remarkable fact,
since it ensures that a wide class of nonlocal theories satisfies the locality of countert-
erms. We proved that, under the extended assumptions, the high-energy behaviour
of the nonlocal quantum field theory is equivalent to the high-energy behavior of
a suitable higher-derivative local theory. We have used the Batalin-Vilkovisky for-
malism to reformulate both higher-derivative gravity and nonlocal quantum gravity,
and classified their properties under renormalization.
At intermediate energies, nonlocal theories and higher-derivative local theories
have very different physical properties. The physical spectrum of higher-derivative
local theories always contains unremovable ghosts, which implies the violation of
unitarity. Several attempts have been made in the past to overcome this difficulty,
but none of them was able to provide a satisfactory solution. Instead, nonlocal
theories do not propagate ghosts, provided the nonlocal functions satisfy the as-
sumptions we have mentioned. Incidentally, those assumptions are rather restric-
tive, and the functions that satisfy them are not particularly easy to work with.
Simpler functions, such as the exponentials, are ruled out by the fact that they do
not tend to polynomials in the ultraviolet limit.
We have tested the new approach by means of explicit calculations in nonlocal
extensions of pure Yang-Mills theories. The main difference with respect to gravity
is that the Yang-Mills propagator contains a unique nonpolynomial function, instead
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of two. Other than that, the diagrammatics of nonlocal gravity and nonlocal Yang-
Mills theory, as well as their properties under renormalization, are very similar. We
worked out the vertices with three and four external legs, and used them to compute
the renormalization constants for nonpolynomial functions of arbitrary degree γ. It
turns out that the theories are always asymptotically free.
The results of these calculations have also been used to make an attempt to enlarge
the class of acceptable nonlocal theories and include nonpolynomials functions that
are simpler to work with, such as the exponentials. The idea was to formulate
nonlocal quantum field theories as limits of local ones, when the degree γ of the
kinetic polynomial tends to infinity. Unfortunately, that limit does not exist, at
least if it is performed naively, because the beta functions we have found diverge
quadratically for γ → ∞. This proves that the formulation of nonlocal quantum
field theory is not as arbitrary as one could naively expect.
The domain of nonlocal quantum field theory remains vastly unexplored, but
worth of investigation, both because it is expected to shed light on a new sector
of quantum field theory and because it is also a candidate to suggest new physics
beyond the Standard model.
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